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SUMMARY OF FIRST-ORDER DIFFERENTIAL EQUATIONS

Method Form of Equation
1. Separable variables: M(x)dx + N(y)dy = 0
2. Homogeneous: M(x, y)dx + N(x, y)dy = 0, where M and N are
nth-degree homogeneous functions
3. Linear: y' + P(x)y = Q(x)
4. Bernoulli equation: y' + P(x)y = Qx)y"
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VOLUMES OF SOLIDS WITH KNOWN CROSS SECTIONS

1. For cross sections of area A(x) taken perpendicular to the x-axis,
b
Volume = f A(JC) dx. See Figure 7.24(a).

2. For cross sections of area A(y) taken perpendicular to the y-axis,

d
Volume = f A(y) dy. See Figure 7.24(b).
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y=d
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(a) Cross sections perpendicular to x-axis (b) Cross sections perpendicular to y-axis
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e cos2r = 2cos’r — 1 = cos’x — sin’x =1 — 2sin’x
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PROCEDURES FOR FITTING INTEGRANDS TO BASIC INTEGRATION RULES

Technique Example
Expand (numerator). (1+e)2=1+ 2e* + &*
l+x 1 i

Separate numerator. =
p xX2+1 x2+1 x*+1

1 _ 1
V2x—x2 J1—-(x-1)?

Complete the square.

2 1
Divide improper rational function. x2x+ 1=~ 277
. 2x 2par2=21% 2x + 2 2
Add and subtract terms in numerator. Printl i mtl P2rmtl o+ 1)
Use trigonometric identities. cot’x = csc?x — 1
. - . 1 _ 1 l —sinx\ 1 —sinx
Multiply and divide by Pythagorean conjugate. T Fsnx (l T sinx)(l ~ein x) =1 " sinx
1 —sinx 2 sin x
= —— — =sec’x —
cos? x cos? x
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SUMMARY OF COMMON INTEGRALS USING INTEGRATION BY PARTS

1. For integrals of the form

J i fx” sin ax dx, or f x™ cos ax dx

let u = x" and let dv = e* dx, sin ax dx, or cos ax dx.

2. For integrals of the form
fx” In x dx, j Xx™ arcsin ax dx, or j.x” arctan ax dx

let # = In x, arcsin ax, or arctan ax and let dv = x" dx.

3. For integrals of the form
fe‘“ sin bx dx or J’ e“* cos bx dx

let u = sin bx or cos bx and let dv = e dx.
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O EXAMPLE Using the Tabular Method

Find f x2 sin 4x dx.

Solution Begin as usual by letting u = x? and dv = v’ dx = sin 4x dx. Next, create
a table consisting of three columns, as shown.

Alternate u and Its v'and Its
Signs Derivatives Antiderivatives
+ - Xt sin 4x
- — X — o —i cos 4x
+ - 2 — I # sin 4x
- — 0 o 6]_4 cos 4x
f

Differentiate until you obtain
() as a derivative.

The solution is obtained by adding the signed products of the diagonal entries:

fxzsin4.xd.x= —ixzcos-ﬁlx + éxsmébc + ;3L054x+ C. [
For more information on the tabular method, see the article “Tabular Integration
by Parts” by David Horowitz in The College Mathematics Journal, and the
article “More on Tabular Integration by Parts” by Leonard Gillman in The
College Mathematics Journal. To view these articles, go to the website
www.matharticles.com.
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THEOREM 8.2 SPECIAL INTEGRATION FORMULAS (a > 0)

j\/ — wdu = (a arcsmg+u\/a2—u2)+C

a

J\/w—a du = (u\/uz—a2—a21n|u+ \/mu+c u>a
3. f\/L{E + a’du = E(u\/uz +a?+ a®lnlu + Jur + al‘) +C
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z Pt bt 1 —1
)dx = —d:L' = lim = lim =
/ fl@ b—oo —p+ 1 ‘1 IHoo(—p+1 —p+1) —p+1

o p<ORS, NERE, K&

’ﬁ

|

e R
p > 1 B8R
e 0<p<1HE&R
o p < 0BAE

[ {

BEILLER

ERTHRHKEARREE, RN EREBENFANE—LHEIUENER. B
o M 5. RAEEIENE, HNNOBRTLUNENBHITHE, FAEEIFENE—F
SHEA.

- BERIRX

BR MKEHRGEREBERES (UK. BREL p-series . HFE p-
series FREREZHANEIIRE) . WREBNRESHDIZRERZPETFERIE
SRANINZED, EREIRBRIAIENR.

. B

0<a, <b,

o BN b, WK, BBA a, IS
o MR a, K&, b, WA
o IRBRECEGE

S—MREKEGIVIREEE p-series , (BERERERIMGENERHAHAEN
RIZEIE, X RHER IR R EIBIRBRILEGE



o [EIER, R f(2) 7 g(z) AORBRIITEH

_ f(=)
bl 9(x)

o WIRXNMERN 1, R f(z) 2 g(z) FE = — 2o BRRIFMTS)N, IRAENER
I T 0 BUERE—HER

o WMERXNMERNEE ¢, RBEERM TS/

o WIRXNMERE 0, A f(x) 2 g(x) FE = — 2o BIRISMFT)N, 5AZ
z — xo B, f(z) 8T 0 BORELL g(z) TRIEZ

o MBRXNMERRE oo, BB f(z) B g(z) £ z — zo AR TS/, 15HBEH
T — zo BF, g(z) BILTF 0 BUERELY f(z) REZ

o RIREEESE, BB NBHMELVRFNMREAIRIR, Ri% e, > 0B b, >0 (BRLE
INREL) . AT

Jm o= =1
FEB L RE co BNIEH, IBAXFE MEIRERISE LS

« IFRA
o HATIRATNHIT—EEH, Zin— ool

0 <an=Lb, <(L+1)by,
o IRIEERILRGE, BATTLIER, R Yo, WS, BBA Y a, Uk

o k2, WA a, K&, BPA b KEL
o BERRITFHEN

lim — =
n—0o @,

S

. WSLERLMESHERAES
SRR
o SSHERBEORIE: BOIFHIRIERSIEE, AL T

BE

o (ERATERETN AR TTFS R EUT A
o STEPEHIMSHFMEE 2D

e lima,=0
n—o0



® Qpi < an

o RIEREBEE4HIERT

UEBRRBRIFTTZFIMTRIIRIUA/NIER, TEHIT—RIIRIER, AeEHTH
47

- TR MREUS, BARREE—MRR I
« BAVEEIAETE lm a, =0 B a,, <o, ISRT, SEEFTERR L
« BAWE 5o FHUTT

Son = (a1 — a2) + (a3 — ad) + (a5 — ab) + - - + (azn_1 — a2n)
- HREEUETR

Son =a1 — (az —a3) — (ag —ab) —--- — (agn_2 — @g,-1) — A2y

o XENFE ani1 < a,, EWESHHOE—TERREL, BATHE

Son < a1

o Rt S B—PMEREBRAIFS, BANREWKSE L, EH

lim SQn—l = lim S2n + lim Aoy,
n—00 n—00 n—00

« XEA

lim as, =0
n—oo

- Al

lim S9, 1 = lim S9, + lim a9, =L +0=1L
n—oo n—oo n—oo

o T Sy 1 BOHRIRFD Sy, MOIRIRAEI, BBAZATAILUES lim S, = L
o ATIRREUTSUSIE
o WSIESEREIAIRIN
o THEEFHRIF (BAEXR) BB SFER, Sn=3_ an
o SIS, NMERBEIEN, = n BIEAR, FATRILAA S, iIEFR S, HEEHK
FA—13RIN Ry KFR
o EHE: MR—IEFEU (—1) Yoy (BERDFM) B L, BBAERIIAILEXS
BENF anv, BEIZ

|S — Sn|=|Rn| < anu

o ST



Ry =8-Sy =(D)""ay,+ ()" ?ays + (-1)"Pays + ...

= (- (ani1 —ania +anys+...)

|IRn| = ani1 —an+2 + an+3 —anta + ...
=an+1 — (anv+2 — ans3) — (an+a — angs) — -+ < an41

« BIEARRYARRBR AT T

R XFRECRITKAAT, BHER X ap WHA—ERRE X |0, &
(ANAZEEVEAOEREL) o XERIBIAR SR,

o FUKTELLEIFERZEL D 1 |an| B2OWE, WNRIZTCHREMG, BBAZREASIE
o EAH
o HIIMWENREH |an| WS (B—MKR) , UEEA a, WL (B—MRIR)
o BB a, BRL (a, + |an]) — |a,|, BAIETIERE a, + |a,| K, EA |a,| I
6, FE 7};1210 la,,| FAERPR L
e ERO0<a,+an <2la,], B ILm 2lay,| = 2L
o an+ |an| WFAWKER, XEA |a,| FERR L, B a, HIATFERIR L
o XS RETUH TEFHEF
o WNERXNTCHFREBENTWE, IPLHEFERIANEE
o WNERXNTEHREBEFZMAWE, IPLHEFEFINEE

ELBIHIER & KIREIEZ

o THREEEERILLHIFIEZ ( ratio test )
o XTFTIAN 0 RIS
o ZERFUTEL

lim |22 <1
n—00 Qp
o 1FAR
o RIZ
lim |22 = < 1
n—o00 an,
o BBATFE

‘a'n+1| < r|an’
lansa| < Tlani1] = r*|an]

|ani3| < Planiz| = r°|an|

o BELEAEE n TUTIRRITCSS REL



o0
> lanial = law| + lan | + ansal + -+ lansn| < lan] +rlan] +r2|an] +r%la
n=1

o XENFENIUTRE, = |r < 1 U
o BRAMRIBAEIIUISIRIS, JEXITIHSREUERT, ZPEARBBUTE

o KEX
lim | 271 > 1
n—o00 a,
2%,

n—00 Qp
o AEFFIRT

i
S 1 KB Y L sk

lim |22 =1

n—0o  Qy

o TTHFREEMERIKRIBFIEER ( root test )
o ZHRERTEGIBINPFE n KBRS, AR ratio-test ANKIFHRAYIE
. EHER 3 KEL
o RIZMBERE D an

. Ul
lim {/|an| <1
n—0o0
o Kl
lim {/|an| > 1
n—oo
B
lim (/|a,| = oo
n—oo
o HHE

| FEHEMERT, root-test EBFCEFIMT p-series HISHENIME

lim {/|an| =1
n—o0

o THEEHHIBHFHEIIERSE
o HnIESBIET 0, MRARE, ZHFEK



XMRER
TEREL

B USIRREIREL: TUAREL

%‘uﬁt BRI, SRARIKBERRS
MREBEAN—EAF IR R S TR IRV REE TRIRELRIS ?
o THFENS M PEFIES RS

SUMMARY OF TESTS FOR SERIES

p-series .

FIKFNREL,

Test Series Condition(s) Condition(s) Comment
of Convergence of Divergence
nth-Term i a Lm a % 0 This test cannot be used
n=1 n—oo 1

Geometric Series

!
in]
%

to show convergence.

AR AT, FHARHKE

[rl <1

Telescoping Series 21 (b, = b, ., lim b, = L Sum: S = b, — L
p-Series ii p>1 O<p=s1
n=1 ne
= 0<a <a Remainder:
. - _1ya—1 n+1 n
Alternating Series ”21 (=1~ a, and Tim @, = 0 IRy| = ay.,
n—co
Integral . .
(f i%gcontinuous 2 a, = - Remainder:

- - = f(x) dx converges f(x) dx diverges o0
positive, and - -0 | ! 0<Ry< | flx)dx
decreasing) a, = fln) = N

- Test is inconclusive if
Root Zl a, ”li)n;o Wla,| <1 ,,li,rgo ¥la,| = 1or lim </|a,| = 1.
— :xj n—
Test is inconclusive if
Ratio i a lim |f251 < lim |25 5 for
=1 " n—oo ﬂn n—oo a” 11 ”+1 = 1
n—o0 da,
= o0
0<a, =b, 0<b, =a,

Direct Comparison
(a,. b, > 0)

o0
and b _converges
n

n=1

and Y b, diverges

n=1

Limit Comparison
(a,b,>0)

. ai?
lim —=L>0
n—oco -

[=.=]
and ' b, converges

n=1

lim & =150
nowb, 7

and Y b, diverges

n=1

FHZHEFIEM (BEL)

E 3=

X MU Z TR ER — <M

o YIFHRERIS UL

TR, HARAEE

EANTE g B



o RUB—NRE f(x), ZRELRES:, HNTZEZREHEIWHE, WEHAIE
BHE— SR P(z), IHZBWMAAERR © = o BRITEIZEEL

o BAREAMEIL 2 = a B P(a) = f(a), FBAFMNATLIMNE—MEIEREL, XRETEZ
A f(x) 180, BPAZREERIIERERA f'(a), BIERN f(a). AT

P(z) = f'(a)(z — a) + f(a)

o BE—MMELERNEERAHEE, RKIIFEBIL P'(a) = (o), EHERREEZRH
“S#miER, BBARIIMEERTIRERE P(x) = az® + bz + ¢ KRE, X1MZ
RRYEERIHE—MN SEEN M SEERR

o MEREFATHZMEMEAHES, BRE=MEN? EERIIN=MEEARAHR, 18
ERESMINENZINR? BBALZERE, WEESMIIRE, KEFREAE

o {40

o FAVEEHKE f(2) = e® £ 2z = 0 X—RHNALIZIR
o f(z) =" MR: =0 X—RRIFBE (BERME. SMS) &1
s 3 ix [V
e IR P(z)=ax+b, EIFZEPO)=1, BBAb=1;, XEHA P'(0)=1,
Wa=1, 3BA P(z) =z +1, 8FE&U7 P(z) = P'(0)x + P(0)
o URBREA(L
o & P(z) = az? + bz +c, BAIIEE P(0) B PO(0) B9 1
o Xt P(z) KZIXGE, HERWT
P(z) = az® + bz +c
P'(z) =2azx +b

P'(z) =2a
o HATEBERNR
P(0) =1
P'(0)=1
P"(0)=1

o Mz =00, FEAOTXE

P(0)=c=1
P'(0)=b=1
P"(0) = 2a =

o FMIRTLARgRENT



P(z) = %mz + %x +1
o MtaR 20 M1, BRAXE 2 11 DRIREAIM—MST, 58X

BRRIBR = /RIT
o EMMAUZIZANERN: ZRmMSITNSEHSI

IR ZERmeMSITUNSEHSIREEER, HEENENET TR =0/
ERZIEUAIL; B— 1R = = o FARIZIEUAL, NERSHESRIZEEZIN
L, RFEEL = B (z —a), 1B f(0) BRA f(a) AIF, FEFFERIRZATUER
M, RIEHRI, BEIAEEA,

o z =0 fHARNSMANZIEHES (ERmMEIR)
o KB f(z), HESXA n, FANBNREZRZIGESRA n SR
# P(z), P(z) Bz

P(z) =apz" +aiz" 1 +---+a, 1z +a,

. BRATMBRIRIL P(0) B P (0) BYEERFD £(0) B £ (0) 48E
o BAIRMZE—T P(z) IS SERIED, LIRENIRN f(z) RESHSERIX
E

P(z) = apz™ +a1z" 1+ -+ a, 92 +a, 12 +a,
P'(z) = nagz™ ! + (n— 1)(1136”_2 + i+ 2an-0 + an-1
P"(z) =n(n — Dagz™ 2 + (n—1)(n — 2)a1z™ > + -+ + 2an 2

n(n—1)...(2)apgz + (n —1)(n —2)...(2)a1

o HINFEHRENZ ¢ = 01T f(z) NFZMSER P(z) BISMSEHER
o WRIFFGEEDS, H o =008, M P(x) B PM(z), BTHIR

an-1 = f’(O)

2an,2 = f”(O)
(n—1)(n—2)...(2)1)ay = f"1(0)
nlag = £™(0)

. BT TS



an = f(0)
ap-1 = f’(O)
(0

Ap—2 =

 (n—1)!
£2(0)

ag =

o BBAFANEHESE T n FHLIUBRT P(z) AT

F00) £"(0)

o BMEUSIHAARER = = o (FEZIR)
o BINFHNTHESHIAKXRE z =0 FERH, XERNH z =00, ZSEELED
DHMUIIEEREL; BARBEXNERE, HIITLUSEY EE 2 = o ik, RE
S ¢ BN (z —a) , 1B £(0) BN f(a) BIEJ

™) (a (-1)(q
_ @ e S

Pe) == (n—1)!

(z—a)" 1+ +

o RIERIFIATEEAHRIT

ATRERM, TUSHRCNHENR: RS AR THES?
BEIE? (youtube.com) ESITRBLR, XEFFRRRT. Loh, EhRT0E
EAMBAISEIXE: +. FHASEIGE (drhuang.com)

o RINAJERE
o EAFMNEZHRIVAMENERES, REUE » S, BBABANEUERANES
SILFFRIERZ AR ZEREN, XNMREEHERM. HERENSEEFR
[, RIEFASIES AR T AENNERESX MRE,
o REREGET ZEAMELININEE
o RRIVHERIN
- RINEERMEEREERE, AROBERER TR ENESHMIRE—IN
RUELEFIRE. BEEMRNSITRRERRL, BAMTEELRTETRD
RATRE )\
o BBAHARR AR/ NE? BRI/ T ESI&E—I
o WTLUERMRAEE = TIREET o B, TLUREIXPNER
o RIFERBXPNRIGETA n+ 1XAHNEMES N, EHE

Ru=o((z —a)""™)

o« AIIREAERIN (FIFRAMSE H EEM AP EER)

ETAHAEBRNERESTE B ERIMARRITERI, ATLSEX
FEE: At AERREENERRIERIIAIZENEIR? - Scarborough Fair


https://www.youtube.com/watch?v=kojggplZKkE
https://www.youtube.com/watch?v=kojggplZKkE
http://www.drhuang.com/chinese/science/mathematics/handbook/e371/e371.htm
https://www.zhihu.com/question/608435479/answer/3088966768

| wEE -

« AEARNBRERR— A R, FREFER, XMAAE—EANR
L, MAR—TEMTETS/)
o B5%, Mn+ 1RFHRAIIRITEIUIN T

f(n+1)(a) - N f(n+2)(a)
(n+1)! (n+2)!

o FSBAEMX MR EIMETERITERE— (z — o)™, BBARRRET 2F
I, AR TRIERS

o MEERNEMS = = o i, BRTE—LIMIEMAITERRHZE

o TRMFBAEBEAATIHNAATHESH T FTEXMRIAT, (HESIEHMA
WS )

(x—a)""2+...

(z —a)

o PONMNZERRIEZE TR S5/ 2= ATV
o f(z) = e® NETTHMITIEL

| EIEZARMEAN: Bflla, = 4
. KEBHENEN SRR o, RUFESNSBIERS = 1
- Eitt

Py L 1 . 1 1 ,
(m)—mw +(n_1)!m + - +§w +§w +x+

o f(z) = Inz BIZENAMLL (= = 1 ffhiT)
, HPZIMAESE © = ¢ RKE

| TrEZARORSN: Ke, = S

+ B () ~ln
=1, 1=
F@) = 2 f’()—
£) = 2 (1) =

TUBEEEIT 1)~ ns, HSSEFERTRL

AR « AREESIE P(z) T8 ¢ (BIFHAIZENFE, BEX
BHRBRENR nc SHSHAVBAFI)

(=1)"(n—1)!

xn

=0

") =

o BRARE a,


https://www.zhihu.com/question/608435479/answer/3088966768

ES]lid
| AL R = = c MtaAYZ IRt L
_1\n—-1
P(z) :(SU—C)+_71($—C)2+%($—C)3+"‘+ ( cln)n (x —c)"

o f(z) = sinz RIETTFHHUTIL

ZEHAERE: DEHKARMIE, MOFFM 1O@) B f4)(2), BRT—
FERRMERIRE: 0,1,0,—1, FE, sinz NERSHEANFIKEEIR, MES
RIS EE 150 -1 328,

f(z) =sinz, f(0) =0

f'(z) =cosz, f/(0) =1
f"(z) = —sinz, f"(0) =0
f"(z) = —cosz, f(0) = -1
fW(z) =sinz, f4(0) =0

E AT
Pla)=2— o'+ =~ o+
o f(z) = cos z HIZETTFHMILIA
ZERHINTRE: DERAREME, Mo FFM 0MSEE 4 WS, kT —

NEERMERIRIE: 1,0,-1,0, FEtb, cosz NERSFMEANTIRETEHIN, M
BB EE 11 -1 &, 1y, EBFEAIR cosz FEFAFZFD sinz B
AR ETANEFER.,

f(z) =cosz, f(0) =1

f'(z) = —sinz, f'(0) =0
f"(x) = —cosz, f"(0) = —1
f"(z) =sinz, f&(0) =0
f@(z) = cosz, fH(0) =1
EtEA T



B (FHL)

| BEEBMESWEXR, ERREMEIEFISH.

o ERHEMANES

o iR

P(z) = e —— Ll (0

nl (n—1)! or @ 10z + £(0)

RETEX

| REXRNRHEAIARRRAET. BRNEIE T E0S AR R,

o FANLATHA (B = = 0)

o0
E " = ag+ a1 + agx® + -+ a,x” + ...

n=0

o BLATEZZURIREL

> aule e = ag + (e — ) +aale — )+t ayla )"

n=0

o HEIRREAMEHRABERIXIE]

XEH—THA TR AR 2R, BERRE T XEE, FEERT
MIT Single Variable Calculus §934 Z=£2¢%7_IHEIFEEIE bilibili 1 35 HiRES) 1S
DD Doilibili FETSIER,

o FENERE

o BO. THRH. R FPHNERmHMATIEREZ BB AKER?
ATLIZ%iX 8 Calculus Il - Power Series and Functions (lamar.edu)

o FHE—EHHIFY, Mn=1Fn=0c0, B—EHGERTIZFS

(=]
o THRHZEHGFENF, HaLM n = 1 FHAHTE, RalLINMESIERETT
AitE

o BREMEBGARTHRENENTET, SRIEXEAZERR, &S

« FIHZRFHANEREER —<MHIANTIAS IR EL

o BERHNETTIHH, FUTHRE, MES—IER a,2"; TEFIUXZEU
FHNETHMATU

o BEE BREARLER—EHRE, MEFABRUSRSPIZERSHATN. HX
AET, FWHNERSHARNRE— T RBER— <M Z I RE, SR
FEFE—TSEET, MMNNIEERA, MRERMAIIELRAY. X, FHiME
BENTATBKR Tk


https://math.stackexchange.com/a/1138826/1326289
https://www.bilibili.com/video/BV1mx411S7M3?p=34&spm_id_from=pageDriver&vd_source=85acf0a59ded02e4c75ae1158baca207
https://www.bilibili.com/video/BV1mx411S7M3?p=35&spm_id_from=pageDriver&vd_source=85acf0a59ded02e4c75ae1158baca207
https://www.bilibili.com/video/BV1mx411S7M3?p=35&spm_id_from=pageDriver&vd_source=85acf0a59ded02e4c75ae1158baca207
https://tutorial.math.lamar.edu/classes/calcii/powerseriesandfunctions.aspx

S RIS AT, (BRI B (TR

FeSRE s SE:

. A AR RIS ERM X 8]

. XEEESEIHNERSARNT ANER, SRNEFRTE, B2NREY
SXIER, EHUERTLURANE— B EE.

o LUVEREII:

a
1—7r

o0
Zar”:a+ar+ar2+---+arn=
n=0

5 rl < 1R, XPREWEL; EBIER TXMREAR, XER r 2AHE
B, o B—1EH, n 2IEL
SEAHE r BHERk 2, HAILUEE]

1+z+z+--+2"
XERY « NZE. RIERIEINEX, F(TAE, MR |2| <1, PBAXPFH
ET

l+z+a?+. ta" = — = f(x)

XEBH 5 B— KT « R, SEIENRRANENARBIIX R
%, EHME [z < 1. BAFNINE, REEREHRER, RETTESTERE
BREECSR,

o BIlR: BREALEER—KXT = R

He f IENEEERIWSEEG THRE = (9%5.

o WIFREN: BRERIMMEIFEE 3/

o (WREIE— Mz =cW, BAHz=c IR, BEERH1 (AH0°=1) ,
AT R =0

o FE—MKSIHIR R, H |z — | < RESWER, |z — ] > RATRE
o XAFFIBRY =, IXPDREEBKIER, BRAMERHAZN 0o

o WEHRRIKER
o oS RENETEN MR

HIBRXBERIKKEATA—TEER ratio-test FFIMTKEHZ? M E
RIRRTLAR root-test , {ERXEIRALEHIBNAYFI,

o N THRHEEIE, FENRZRNSHFIESE
o HPF—AJ5IAR ratio-test , iZJ5iZRIRHERIXMGIRITIAN 0, FIHT

. An+1
lim

n—oo



RIERENT 1
o TEFIRTRIRHE, BRI EEELXNMUERIET o, BBAR=0; BN
MRS BEI—NETF = B9AEN, BHIEAERNTF 1, KRS 2 658
B, BRMRMREEEER TENT 1, BRAKSHRHE
o HERREUEIXIER R AISEE
o XERFHAFENFMIRE
o EFF, B
o i, &
o EFF. B
o i, B
o XFimRRISENE, BRIMFENE NRRE T3
o TICHAERDIEEBNRRIEFTNERRE, AEHIRNZREEINETE. MR
BENE, X NRRETEGTXE,; FUHEBAXIE,
o BREISEIETeEIERE
1.7 ratio-test , IKEIBREBIIEIHR
2. R REEIERIX (&)
3. AKX BRI N, FIMimataIsEtE, BEXarnFFE
o BREBIRDFFRSD

XERNALHNSEREES, EIRSXEIR, REAVRHSTIRD, FETMAIRE
RIS TR BRI, WNRBAVTEZERKE—NRERIMAYREL, FAITLIED
MOBERDHENS 125 JUBIH, KEXINTTIHSREL. XD TFSREH TR
PAADEME, BREBHINEHZ,

o HATTLUBERRECRIARREEIER: KITTUGEREGHITHOFIIRDERE, H
IRFINSEREA D FIFRD FH. Lo, EHITHIRDIRIER, KWSHEERT., BRI
WX AT, BFEITENBREA TSR, BFEFIA ratio-test

(B&E root-test ? ) THE— NHFTHIENXIE],

AR RNRTEN (RREASR)
o BRI R
| EARBOHEARFHAREABIENRT, ERE CHETHEXIUL:

s BAEHIBENES

« BREEINAER: MREEIRE
| XEHHMTREEEES ¢ = c SEANER, RIHSTES « = 0 £AKIER

e Ha,=1, c=0Rt



(0, 0)
Zw”:1+z+m2+m3+---+a¢"
n=0

ZRENTUTRE, = |z <18, FE

1
2 3 n _— —
l+z+z*+z°+--- 4z - f(z)
BV REFNRE 1 BRREER
e Ha,=a, c=001, BREEIFIS
Zam”:a+aa}—|—ax2+---+aw”: a = f(x)
11—z

n=0

o MWIXEEAITLUERI, WNRFAIEKI— N EoNRIRERIREFAN, FKi1a
MM R CRBER -~ NP, REKEIXEN o M 2, BEERT
ZZ‘LO az" PEK,

o BBAANMEREIMZENHIRNR? FAIFIE IREFIMEIHERZE |2] <1, BPATEK
HIINEY « BIZRAR, FITMER = WX FHEARXNMNAEFRPE, KiE
HERX A, £ TR IFEX U X Eim AR E I THIRT, S HEEtIaRY
KSR X (A,

o KFBSBEREINAITTHSREN

JRNEE: BRI S EEERNARTVKFES RS, LI, WMRGRSRIREARE
- TEZURUE, M FBRETROEHE RS XN RIREL, RESNAIT
SR, AREBYXNTSREEHND RS, KEEEEHR.

o BIEFAIRBEKRFEFREINAV UARE, XTHATARS MIFRETIRAITSIS R
#
o JUMZEERERIMAIZREL
« & flx) =X anz", g(z) =3 bnz"
o f(kx)=> > a,k"z"
o f(@Y) =0 ane™
o f@)+9g(z) = X 0(an +ba)a”
o WSIXiEKAEE: HERIMIIRRERMIEIXE), BXFHERENSBIEREREAIIEIX
[3]]: BE33

FHZTTHMREL
o KRB RESREIANZE SIS RS
| 84 P 680 EAGEANIHASHIREIERT, HiLALE,

o AT T BEI— 1 RECI AR EENEBRTTIE
« WFEE cHAXE I L2, R f(z) TLARESHRE X0 an(z — )", BA



fx) = f(e) + fi(e)(x —c) +

o LKA, WMRXITFTXIE I EFRER « #8

lim R, = o0
n—oo

BAXT f IZRERBWIBEET f(2)

o “TRTUREL
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POWER SERIES FOR ELEMENTARY FUNCTIONS
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21 41 6! 8! (2n)!
e o2 + + (— l)n x2n+l
tfanxy=y - —4+=—-—=—4+=——. .. 4 —= —1l=x=1
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* The convergence at x = *1 depends on the value of k.
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An ellipse is the set of all points (x, y) the sum of whose distances from two
distinct fixed points called foci is constant. (See Figure 10.7.) The line through the foci
intersects the ellipse at two points, called the vertices. The chord joining the vertices

is the major axis, and its midpoint is the center of the ellipse. The chord perpendicular
to the major axis at the center is the minor axis of the ellipse. (See Figure 10.8.)

Figure 10.7 Figure 10.8

o MEAVRERL
BRIRBERIFORTA (b, k), RKIHAD 20, K4 20, EEHE 2 = a? — b2
o KHAE « 30 E



a? b2 =1
o KHHE y 3L
(y—h)?  (z—k)?
a? b? =1
o HERINEDER e EXWT
c
e— &

o XUHHSAVIRARFNTTE
o BX: —FHEERTR, XA REEEEBRRIFMEAAIIR, SENHE
o WHIEAITRER L
o IRXBHLAIFOSRA (b, k), K9 20, 5509 2b
o HEM « H

(z—h)?  (y—k)? _

a? B b2 =1
o HFHHA yIH
(y—h)?® (z—Fk?>
a? B b2 =1
o HERANC? =a®+b°
o HELFRIKNRE
c
e=—
a

FHELISEREE

BELROR, FRNSLARTRAHLROER RIS, BRERINETENLS
BARR, BUR(TERERR.

o FHEMZAEN
o zFlyEH—EEt TR

XANTIIER A HERISETTTE
o BEENIFAR t T (z,y) BILITREAS
o SHOGIENMBEGNESS, Mk T FHElS, TR C
o —ASHITIEENAIHEHIERET
o IREMBMNNEIKREARER ¢, RAJEIRFERZR—FRIIAY (2, y) 2405, XADIUEERZ
HIDAIEM ( orientation )”



. FEEETIE vs SHUTE
. PREIEI AL T RIS (v, y) SMARINES, LRSI
. BEUSTRAHT BRI E R AR, SR
. —ESEITENESEET: BEIENEETS « My S8R, URBEIMTENTS
A
. SHARRAMAH—ESLTE
. B IBRTIEES

| &#=&K: Cycloid - Wikipedia
B/t BER—IIKNARIEHR, LS R PRI,
TEHREARESEEGHNSETTE:
o BIXEHRIS: XMERERE r, E—BNEt N, BENAER 0
o EXERAEE, XMISRESHBER 0, MENTHKER ro, TAER
F PRt RAYIEE R ro
o BAIERM, FTit 0 HIRNESZD, BFREIITIXRE
z =10 —rsinf = r(0 — sin6)
y=r—rcosf =r(l— cosb)

Hrb 2 §1 y #B2XT 0 BIREL, LB =(6) F1 y(0)
o Ak, BT 0 =2nmr(n=0,1,2,...) IR E, #EXA. BIIXSAE

z'(6) = 7(1 — cos 6)
y'(0) = rsinf
= 2'(0) ¥ v/ () EET A 0 BURHE, SHIKRA, BHE cosd =1 Hsingd =0,

BB 6 = 27n

XBEFEHAN—TEBHZLAIEN : NR—PHEMH = = f(t) F y = g(t) T,

EXE T £, f o WEELERE, BEARENA 0 BRTXE I A%mR) |, BB
LFHFRHEAEX(E) 1 EFiE. WRRHEEEXE I HE MR EFE, BEERAR
FiBRIE, FABMARES piecewise smooth

o ERIPRLZIDIRR ( tautochrone curve ) :
o RNFEMANE, BRaISEIXMNHEMSA Tautochrone Curve: The curve of equal
time descent | Virtual Gravity Solution (youtube.com)

o ERPELZIBIRM ( Brachistochrone curve )
o NFEMNAE, BATSEXE.: SEELARM - 25578, BRINERES
(wikipedia.org)

SHHIEMRRS

o SHUTTEMSRITERIERTE
o SHUTIEMERIZERITE


https://en.wikipedia.org/wiki/Cycloid
https://www.youtube.com/watch?v=omoH6uB22LE
https://www.youtube.com/watch?v=omoH6uB22LE
https://zh.wikipedia.org/wiki/%E6%9C%80%E9%80%9F%E9%99%8D%E7%B7%9A%E5%95%8F%E9%A1%8C
https://zh.wikipedia.org/wiki/%E6%9C%80%E9%80%9F%E9%99%8D%E7%B7%9A%E5%95%8F%E9%A1%8C

o REBSHEE CH 2z = f(t),y = g(t) BEX, BBA (z,y) mALBZAIRIER)

d
dy
dx ili_f
H#0
o HS
dy Ay g(t + At) — g(t)

— = lim — = lim

dr A0 Az At—o f(t+ At) — f(2)
g(t+At)—g(t)

lim —=2t
Ao FE+A)—F(0)
At

lim g(t+At)—g(t)
A0 t

L JEAD—()
Atoo At

_ 40
f'(t)

o SHLETMSITE (HZRIMN)

IR UREER—REEAERER, XIRY ¢ AR, FEEEERE v = f(z) &
&

o BHITRE=MSIHE

| EHESEEN=MSER

3 a d2y
d Yy o dt [dz
dm?) - dz

dt

o SHTTEHEATIIKITE
o y= f(z) FROMKATHEES

o SHGREHETREIKATHES

s_/1 Tdt = / ¢ )Mv:lf¢ﬂuﬂ+gﬁﬂﬁ

o SHUTEMERIERARERTTE




HATTLUKRIL, 58 « MbEEM5R y dbeserIR BRI B X IET I EERROTY, —
MHER 9(t) (BHRy)  —TFER f(¢) (B 2) , BISEIBXE.

o 53 IERERERA, —/NBENK FRERRFHCTRIRN. X EFRATTI LEE
FEN 2By, EERNILHEER. FEHHLESEISEHMESEEX—R ERXE)
73, FEHZSEEZBRE « My, MSEHEMZETRI 2 = f(). y=90). &
YRR —ERY.

o UWNEREE « HHhEEE

S = 2rds — 2r / g0/ F(0)? + g'()2dt

o SNER%R y IHhEES

b
S — 2ds — 2 / OV F(0)? + g (22t

RALHTFIR AT FRINLANMZ BB ETS

o TRABFRIEME
o r: NERREIZRAYIERS
o 0: IZEI5S « WIERESAE o m LAk
o AMRRZIARYEEHR
- ERMIREIRATR (RERSIRRTRIRAIR)
o 12 = g2 44
e tanf = %
o MATTEIEAMTR (RARARRTEREIR)
e x =rcosf
e y=rsind
. BEIRATER . ESESHRARSTEXINH) = Fl y BIFATS, EBEE (r,y) 10
RATR, SHIEG
o TRAMRENGAITICRIER
ERBITHE 2 MNEE: r M0, XERIIRIR r X T 0 (I—1MISRE f(0) , BATF
EINFREL
z(0) = rcosf = f(0) cosf
y(0) = rsinf = f(0)sinb

AABATATLAMESE = 70 y KT 0 RISEK

Z—z = /() cosO — f(0)siné
% = f'(0)sin @ + f(6) cos

EATBAMTRIRIERRE & % & o o5, HATATLIE AR FHENEE



dy a9 f'(0)sinf+ f(0)cost
der 94z f/(6)cosf — f(6)sinf

FHLEATS:
e BU 08 & £, B—HRKFEIL
c Ml 08 W0, S—REELE
A, EE—NEIMIEEIS: MER—REL f(o) =0 B f'(a) #0, BPA 0 = a EIR
RN r = £(0) NEGIEY]. R RZEGFZTRRZIRNE, BBARTREESNNH
BEHN o FE,
o JUFPEBRRURAKTREIT

Limagons n x x
———————————— b el bl

[ T

r=a=xbcosf

r=a=xbsinf
(H > 0.b> {n T = 4 =} " =0 T =}

3 3n iz iz
a a a a
—< 1 - =1 l<-<2 =2
b b b b
Limagon with Cardioid Dimpled limagon Convex limagon
inner loop (heart-shaped)
Rose Curves T I T X
_— 2 2 2 2
n petals if n is odd n=4 E—
e - n=3
2n petals if n is even }“
T - m - T -
(n = 2) 0 0 0
H_J
a
n=35
im i 4 3in
2 2 El
r = acosnf r= acosnf r= asinnf r = asinnf
Rose curve Rose curve Rose curve Rose curve
Circles and Lemniscates ’_f ’_; E x

3 3
_th, ®
T 4@‘ 0 " 0 I 0 T 0
) )

a a

in 3in 3t

3n iz z 3
r=acosf r=asnf rt = alsin 20 r? = a%cos 20

Circle Circle Lemniscate Lemniscate

F. Y

AT FRIETRFIEIMS
« PRAHREUSARSEER

IR EIEERNRE, SNBSS SRESAT/UR, EFEERESHE
OB, BRARAIMBENFE/LEER, BREREF— N NERETHE,
ARIEE I E/NIERBTHIER, e DZBTAN L, RERQER. Wi, FitE
RURHERRER SR EAAI.

o RUB—MRALIR NI, B r= f(9)

o BAIEKRBNO0=0ZF0=0R, r=70) MBENER, H0<f-a<2r
o EIRFHOTR— R, EkA7 46

o BRAHEIMKS rdo = f(6)dd



o RABFEHNERAT=AFINERATUEM, &R kw12 , IRNI=AIA
RE—FREA, MERERRIMA, HAzlH

o BBAZBIAIEIRE

o FERAMREIRIZ A
o BRI IEER BT KARESZ /A
o RBUTIEA—ERE— T FRELATEIRR, BITEH UTEF S ERIESHIR A,
XEENENRRAAZER—RZIBIA. E40 (1,7) # (-1,0) BEE— =, 8
RENTNAIZEARER 0
o FEERTHEERIERZE, BIIFEERITERR. MY TRRITTE, R
ZRFBRETTEERITE, EREEETAHVAIEGNRER. EHHEERZE, BF
EEISHVIEGMRPREE L, WBREET, LIEBEHE—.
o RAMREIRATIIR
- BBERY y = f(z) MKHTEES

s =1+ f/(2)%de
. BEEL 2 — 1),y = o) K HET

b2 dx dy
— —)\2 —J)\2
s_/tl \/(dt) g

o TRAAREIRITIOK R
o IRIMB r=f(0)
o IRAMTHE AR BRIXRER
z(0) = rcosf = f(6) cosb
y(0) = rsinf = f(0) sinb

o HIUXERY 6 AJLABIER ¢, RIBZAINIAR, 18

z'(0) = Z—z = f'(0) cos§ — f(f)sin@
y'(0) = % = f'(0)sin @ + f(6) cos @

o BBATMKMITATUNT



ds = 1/ (f(6) cos0 — £(6)sin0)2 + (f'(6) sinf + £(6) cos 6)2do
= \/£(6)* + £(6)°d6
= \/(%)2 + r2d0

o BRAINKATUNT
IRITERIRMN 0 = a Bl 6 = B Y £(6) INKFRS

5= /jds _ /j V F(0) + £(6)2d8

o TRAAR R HEREARRYZRIETR

o BWNTEREMEER—SH, EFHEALTRRFRIIREALINITE, AEKHE
TEFIEHATET r M oHXTF R r = f(0) B9E, BRENERFRXT 0)

o ERMITF FTREIENEXENEEFEAE. EERYITRT, NRER « HiE
1, BARZNFRRE f(x); TIRE v Miess, BARZRIFRRE 9(y). TER
AMRERA, r1E 0 =0 LAHRRRE reosh, IXBRELR 0 = 2 WHER¥ER; Mr &
0 =2 FRHSR/RE rsing, XEESE 0 = 0 RIEREFE

o GRRAMTHHEERE (SR « )

B B
S =2r / rsinfds = 21 / £(6) sin 64/ '(6)% + f(6)2d6

. 530= 2 HERE (L y )

S = 27r/ﬂrc0s fds = 27r/5 f(0) cos 9\/]"(9)2 + £(0)2d6

AR FRIEREHZH A S2ER
| Xk

. EERRATIRATITTE

- IERRRN T RIS S TR
Chapter 11: EZF1==E)J1L{[

BEMBERFNYNFALEEAFR? Rlinear algebra - Origin of the dot and cross
product? - Mathematics Stack Exchange

TEHE

- BEAITENER: AERILEAN, EEHH
o EBIIAUN: (3] = \Jv} +od+.. o2, SORTFIEHAR
- BEES: KIVER, AEER



https://math.stackexchange.com/questions/62318/origin-of-the-dot-and-cross-product
https://math.stackexchange.com/questions/62318/origin-of-the-dot-and-cross-product

BUEE: X1 HNRE
- TRE: KNHOHEE
« EEN=-FMREZ o ER
o MEE=-FREZMDERR
- MEMFENFR=-IrESRE+TEoERRk
- MERR= (1) FRUREFEIDE
o JUTHSE: KIEFATINARZEN
c METALNE
THEOREM 11.1 PROPERTIES OF VECTOR OPERATIONS

Let u, v, and w be vectors in the plane, and let ¢ and d be scalars.

l.u+v=v+u Commutative Property
2. u+v)+w=u+(v+w Associative Property

3. u+0=u Additive Identity Property
4. u+(—u)=0 Additive Inverse Property
5. c(du) = (cd)u

6. (c +du=cu+ du Distributive Property

7. c(u + v) =cu + cv Distributive Property

8. 1(u) =u,0(u) =0
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THEOREM 11.4 PROPERTIES OF THE DOT PRODUCT

Let u, v, and w be vectors in the plane or in space and let ¢ be a scalar.
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2.u-(v+w=u-v+u-w Distributive Property
.cluv)=cav=u-cv

4. 0-v=0

5.v-v=]|v|?

. SRR
o KANTHS
o RIGATUIT: ¢ = a? +b? — 2abcos C
HfAcos C = %
BRARBREER, o — 6P, ¥ — |, & =[5 - i
MEZARETFRTMT: (07 — 02) = |01 + |03]” — 253[v3|cosC
AR — 022 = |01]2 + 03] — 207 - 0}
ABARILUESH : [01]|v2]cosC = 01 - 12
o EittcosC = Gt

|01 ]93]

o BXRAXIHUEER, BTF|vl|oERIE, RAlbcos CRYIESR; - v, IERIEHER
o W, XWFRNEFME, Hoy-0h =08, cosC =0, MAEXMAES 90°
. SR Sk 00° BF N RIRNER AR
e MEZ[A: A orthogonal
o S¥MZI8: FH perpendicular
o AEFNFMEZiE): F normal
o JIRRKRER
o RIRT =< vi,v2,v3 >, X=ENDEDBIRIE X, y. z LAY
. 35iZE):
o UfE x HI ERUREE: v
o KANRZAEN: cosa= ‘—;}‘
. 55218
o UfEy HI ERIREE: 0y
o KARIRZER: cosf= ﬁ
.« 15kZ[A):
o Uz I FRUIRRIRE: U;
o RABNRKER: cosy= 2




o WA, EAvy, e, v;RAETE X, y. z W ERYRSS, EALIEEIREL
cos?a + cos? B+ cos?y =1
o REMRELERD R
o BE: BEXE— REER— I REI LIRS, BIIBEELUTLE:
o RfFuFNvz BRI AHIRZcos 0
o IRRIKE = 1IRTMAEKE |u| * EHAYRZ(Ecos 0
o RFRYAM = MRS EERNRMEE, %i
o EibEBES FHRIREN: REAIKE ¢ ﬁ%mﬁﬁ=WMw®%

v
* EAcosd = |u|\v\

- B, REATR(A L)L = v
. EXMAE
- MIRYEENRIKSHNESHR, EAILUMHL - proj,u
o NNHIR: RF—ADIRIRIER
o TOHIRER: T = SEER MBI LAREAIKE * (R
- (EFIREY (17
« EILAETHHERAR
- FLIEEERAREER: e MR, ERENSIINIKE 58,
TSR (s R,
- ERIENHES RRFERPAIKERA | cosd, REEERT —MRIHE
FiERA— AR,
. BE—NKRE, TUBREE—MFR
o ERMIERGERI|u/|v| cos b, BFREL -

[HE 30k

- FA: XE—MEETZITRENRE (£ 34=E) , ERRERFIHE
o SGRERRIGR: i x vAM, HAFRET, FENRTER, KEBERSRME X5
RIS
o SGRRIJLMMUELIER:
THEOREM 11.7 ALGEBRAIC PROPERTIES OF THE CROSS PRODUCT

Let u, v, and w be vectors in space, and let ¢ be a scalar.
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o EIE, 58 2 Bz
« Rk WMERHTHRETER—FEH, EREEEEIXTENERR
ik
B, FARE—HEE; REEREGETEE— B [ul Uz us
U1 Uz Ug
1TEER, EHETIIREN, SMERTIRESST 0, EREERNER
70,
o SN
« W& (1F7IR) BRESH: M EREEAFER TODO
o WUWIRRBESH: ZNMEREEASER) TODO
o« XERAYJLANUAMER
THEOREM 11.8 GEOMETRIC PROPERTIES OF THE CROSS PRODUCT

, HieE

Let u and v be nonzero vectors in space, and let 6 be the angle between u and v.

1. u x v is orthogonal to both u and v.
2. [Jux ][ = ul fv] sin &
3. u x v = 0if and only if u and v are scalar multiples of each other.

4. |[u x v|| = area of parallelogram having u and v as adjacent sides.

o B—5: REAEHELATRE
o BF BAPRE T NERARIERGE, W


https://www.bilibili.com/video/BV1zx411g7gq/?p=18&vd_source=85acf0a59ded02e4c75ae1158baca207
https://www.bilibili.com/video/BV1zx411g7gq/?p=18&vd_source=85acf0a59ded02e4c75ae1158baca207

hall [Iv][sin & = fJul[ f]v]/T = cos*6
(u - v)?
ol I/ 1~

=V ulP[v]? = (u - v)?
= V(W +ui+ud)vZ+vi+vd) — (uy, + uy, + up;)?

= Vuwy — uwy)?* + (s — uv)? + (ww; — u))?

= [lu x v||.

o FBE=K: RIEETR, HRAEF(TAY, sin6d=0, FRHO0
o BN RIEETE, [U]sinRIEST v LRENERAEAKE, tBHtElaf]
TEIRSREVEATINLAE, RAHTUONER=K * &, BLttXRAERIK/)N=
SATIGAAIERR, ANEREXNEM FRL S H0IE, BRINERME=AFNER
o SGREYJLANRIF
o KFTUBFETR
o KHME: M =F x PQ
« triple scalar product (Z4r2fR? HEANEIZEARIE)
. - (3% @)
HEAENT:
THEOREM 11.9 THE TRIPLE SCALAR PRODUCT

Foru =ui+ u,j +uwk,v=vi+v,j+vkandw=wji+ w,j+ wk,
the triple scalar product is given by

U, u Us

u-(vxw =|v, v Vs |-

[2%] [ie] 2

Wy w Ws

TTELIAREE:

o U x OHIEEEREdet(A)i + det(B)j + det(O)k, IbdetiSHIE=MEERTFR,
LUFIXANR F gk, ERUFEiLdet(A) - uy + det(B) - ua + det(C) - us, A
HMRBEZE T, uo, usIE S GRARFFIE—T

e 4-(UXxwW) =7 (Wxu)=1w-(dx70)
o JRIE
o XWFu-(vxw), uBHEESE—T, ¢ EEETT, v HEREE=T
o ZOARIE—ITSITHITNANESR-1, IERITIITHIAMERE
KA KUAGFIOAIR, wARKAAF T/NEIARFR

o RIR: FTUEARYAR = [ KER 5

o JREA = RERNEEHXFIA/N, BHEE x 7

o = =#, ARERNMEEXSRSE ERRE, BRiEproj v, EHE

| w-(ix7)
[axa]?

(u x 9)|
» BBABIRLVBHER @ x 3| T (i x 9)|, BRIRHa (i x 3)

5|ER%Eie: HBENI=1HEHELIMEAT, triple scalar product = 0



SRR EZFIEE

=157
o BERTHIRIMER:
o IR AT IRERT
o oE: FAEERT
o —FREZIIRP(x0,y0,20), BEIA<a,b,c>NEZ, JUUBASHAGER: (25
) -
e r==xy+at
e y=yo+bt
e z=20+ct
o BEILAZATERR: S8 = U = A
o Fm
. TEEROF R
o SEFEFH—NRP (21, Y1)
o EETIZFHEANEAER =< a,b, ¢ >
EFRE:
- TEPREZTE P NEEEHSsA8ES, BIPQ -7=0
T — T
e [a,b,(] [yyll =0
z— 2z
o HIBEIFEATA: alz —21) +by—y1) +c(z—21) =0
FEAT (BMREFIU) 88 a(z —21) + by —y1) +c(z—21) =0
BrEERERF Har +by+c2+d=0

FEZ B FRcos § = 157

AT AXEREIHE? BRAFEZEREROEATE, HP—1EEAMHR
. B— 1T RErME. BIIBKAENHA, Bitcosd >=0

o Hcosb = ORY, MFEER
o KEEMIEHERZ
o BF—MAE BIBETKBESIZEZAXRR, RESCEASHGE
o BTMEE (BY)  BRE&LRSERFAENEREN SRR M
o EFTEPREFE
o ¥ xlylz=0, FENESE N FHAERS
e M. %&. HZERIER

e M= EEEAT
o KM E:
o BHERAEP (20, yo, 20) BIEIAAUEEE, BT —HQ (21, v1,2), FARRTN
< a,b,c>

o NTHES 1



. HEPqQ =<x; —20,y1 — 90,21 — 20 >
. PQESBERE IR proj, PQ = 29405

17\
- SREBEGMERRRRPQ - 147 (XRBTNE, BAEXHRIK
ERNFE)
 EEES T E SR OB ARG IEIIER o5 %
o JRERESSnG = /1 — cos20

o APBIELAIEERT=|PQ|sind = |PQ|V1 — cos2d = |PQ| (XFMBITRK
KIESZRUTTEARE R, BERERSKIEZIE? R! X3! )

EESd = |PQ|sm0

EA|5 x PQ] \UHPQ\ sin 6

Ettsin 8 = [3xPQ)

l1PQ)
. EIEEESd = |PQ|sin6 = | PQ)| "“iﬁg“ '”X'gb'
o RIHES2
o XRELMENENE: XRETAE, RATEP—HENEAEBEL
&k

o REIR P, BAMRAEMZEAENES
o RFZBEZSFEEZNZA Q
. 3KfE PQ RUEERS
. SEEBEEAR: d— |PQ|sing — |PQ| P _ [Pa

Elzel 9
o R0 ¥m:
o REFERIEEXRE > —REETEARE LNREKE
o [BRIZKRP (0, yo, 20) IFERIER, FEE—RQ(z1,y1,21), iARER
< a,b,c>
. HESHRE
o FEPQ =<2z, —20,y1 — Yo, 21 — 20 >
o BEHIKE S |proj, PQ| = 197

|PQ-ii|
I7i[?

o B d = |projz PQ| =
o % T%:
o T RERIBRREFT
o 1HR: M&EFE—LHA (AIKkiR) , TEEAR
o BHE (WMAFIHT? ) BIAFEITHAER
o MFTELZIES
o S A —HRELZ RN, RKEEETKBEEIER

o BRIRE—FKEHZIIP(z0,v0,20), BEAT=<a,b,c>; F_LKELT
Q(z1,y1,21), BRSE—KEZ%EE

o HBAPQ =< z1 — z0,Y1 — Yo, 21 — 20 >



. {RIEARIESHERAT, RITTME] - 20

]
HIRRREREEEESEIX—SHMeILl T, BttHESSERLL
BXE: RABELEEATIIMES - A1 (zhihu.com)
N W
. ERmBRREL: d= 2
- FEREEINERFTEL: d= b%
- MRHEBZEEAT (ES)

XAMISTHEIIEREBR: Shortest distance between two skew lines in 3D
space. (youtube.com)

o RIEBE—FKEZKITHRP(20,v0,20), EFMEU = (uo, u1,us)
® %Z%E%H,QQ(xh Y1, Zl) 1 HEI—EJ% = (’Uo, U1, ’Ug)
o BAE—KEZNSHAERA (tA5E)

T =Ty + upt
y=1yo+ut
z = zo + uot

o BRELNSELELINA (s A2E)

T =X+ VS
Y=y t+vis
2 =21+ v3s

o REBZAIKEET: 1RSSR BEZLEEIEEL, BBAS,S.EETFE—
%Eg%, GEEQZ%:%E@%., i§51 (1170 + ugt, yo + uit, 2o + Ugt) '
Sa(z1 + v, y1 +v18, 21 + vas), BBATTTE

SoSy - i =
508, -T=0
B2, TTLCRHGNsHE, AEERHES,S:

o d=|55

o %0 YmE: KELLRRENFEEARNEES

o 4T SFIVFEIARIEEHCcos) =0

o 1HR: ZAIFEEAEIAAS 0 5i+-1

o EH: ZMFEEZEAERMFCcosd =1/ —1

o WISRERANE, LAFENRLEN: BEESHGETATHGEKFEEEIMR
| # Fm|

o 47 MYEAEREFT

o R : WIEANGEREARFT


https://zhuanlan.zhihu.com/p/26307123
https://www.youtube.com/watch?v=HC5YikQxwZA
https://www.youtube.com/watch?v=HC5YikQxwZA

o WNERFITRUE, FRFEBEEAA:
o [FRRFEINER, WEES
_ dy — ds]
Va2 +b2+c?

. HS
o RIRHIFEASGEREAN = (a,b,c) - FEH—RIGER:
ax +by+cz+dl=0-FE_NAEN: ax +by+cz+d2=0-RE
MEBE—FNFE—IP (20, yo, 20) RERIFIZ (P RiFEE
azo + byo + czo +d1 = 0) , HARSEREFT, ZEZLNSGEN

(t RAEE)
r = xo + at
y=yo + bt
z=2zy+ct
o RIZRRQ(21,y1,21) NZELANFEHIRR, BEEAFEA-NGE, 7E0F
R

a(zo + at) +b(yo + bt) + c(z0 +ct) +d2 =0

(azo + byo + czo + d2) + (a’t +b*t +c*t) =0
o FPAtHYER:

—(azo + byo + czo + d2)

t —
a? 4 b% + ¢2

o NEBazq + byy + czg +dl =0, Eltbazy+ byy + czg = —d1, BPAHIF
BILANE S
Al
a® 4+ b% + c?

o EltmE

PﬁQ = (wl — Zo,Y1 — Yos 21 — Zo)
= (at, bt, ct)
B ( a(dl — d2) b(dl — d2) c(dl — d2) )

a2 b2+’ a2 b2 42 a2+ b2+ 2

o BBAMERNKE (FFHEENES) 7




.« SR

\/ (a2 + b2 + ) (d1 — d2)?
d_

(a% + b2 + c?)?

B (d1 — d2)?
V(a2 + b2 +c2)

|d1 — d2|

Ve trrt

o WNEBRZANE, FWFENREH: LR EREAFRFEARNERSSE (B
NREGRIEETH— M FENERE, XEETE - NFENERE, BER
TR RIX N AR ERIX5R)

S [E) AR E

BkE:
SHE: ar+by+cz+d=0

(m o $0)2 + (y - y0)2 + (Z - 20)2 = r2

Bt BESEFRAER N, TR 0E SEMENEM MR
ZJRBAE: Az?+ By +C2?+ Dxy+ Exz+ Fyz+ Gz + Hy+I12+J =0

o MEEIAK (ellipsoid)

i
|

Ellipsoid

X2y 2

S+t +5=1

a>  br ?
Trace Plane
Ellipse Parallel to xy-plane
Ellipse Parallel to xz-plane
Ellipse Parallel to yz-plane

The surface is a sphere if
a=b=c#0.

o EAMYVHHE (hyperboloid of one sheet)

Hyperboloid of One Sheet

a2y g2
S+=-==1
a>  b* ?
Trace Plane
Ellipse Parallel to xy-plane
Hyperbola  Parallel to xz-plane
Hyperbola  Parallel to yz-plane

The axis of the hyperboloid
corresponds to the variable whose
coefficient is negative.

o YWMHIVHHE (hyperboloid of two sheets)

xz-trace yetrace

xy-trace

xy-trace

yz-trace

xz-trace
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e

Hyperboloid of Two Sheets

b4 L
R
Trace Plane
Ellipse Parallel to xy-plane
Hyperbola  Parallel to xz-plane
Hyperbola  Parallel to yz-plane

The axis of the hyperboloid
corresponds to the variable whose
coefficient is positive. There is
no trace in the coordinate plane
perpendicular to this axis.

Elliptic Cone
A
at b ¢

Trace Plane
Ellipse Parallel to xy-plane
Hyperbola  Parallel to xz-plane

Hyperbola  Parallel to yz-plane

The axis of the cone corresponds
to the variable whose coefficient is
negative. The traces in the coordi-
nate planes parallel to this axis are
intersecting lines.

o WEENAHME (elliptic paraboloid)

o

xy-plane
-

Elliptic Paraboloid
2y
=ty
Trace Plane
Ellipse Parallel to xy-plane
Parabola Parallel to xz-plane
Parabola Parallel to yz-plane

The axis of the paraboloid corre-
sponds to the variable raised to the
first power.

o IEHHOYIE (hyperbolic paraboloid)

o DESLHE

Hyperbolic Paraboloid
_y ¥
s
Trace Plane
Hyperbola  Parallel to xy-plane
Parabola Parallel to xz-plane
Parabola Parallel to yz-plane

The axis of the paraboloid corre-
sponds to the variable raised to the
first power.

yz-trace z xz-trace

parallel to ~— no xy-trace

xz-trace

7/

xy-trace
(one point)
y

parallel to
xy-plane

yz-trace

yz-trace

parallel to
xy-plane

xy-trace
(one point)

yz-trace

parallel to
xy-plane

xz-trace



SURFACE OF REVOLUTION

If the graph of a radius function r is revolved about one of the coordinate
axes, the equation of the resulting surface of revolution has one of the following
forms.

1. Revolved about the x-axis: y> + 7z = [r(x)]?

2. Revolved about the y-axis: x> + 22 = [r(y)]?

3. Revolved about the z-axis: x> + y? = [r(z)]?

Hitt = $==EE R A EREXTE

o EtFAHRE (Cylindrical Coordinates) : x #1y AR AITFR R, z HFEBHERYIR
R
THE CYLINDRICAL COORDINATE SYSTEM

In a cylindrical coordinate system, a point P in space is represented by an
ordered triple (r, 6, z).

1. (r, 6) is a polar representation of the projection of P in the xy-plane.
2. zis the directed distance from (7, 6) to P.

o BERMITR > B IRER
e r=rcosf
e y=rsinf
= VTS
o zZ (REAZE

o BEEMITR > BERMITER
N

. tanez%

o Z{RIFAZE
o IKZ (Spherical Coordinates)
o MFRREEN
THE SPHERICAL COORDINATE SYSTEM

In a spherical coordinate system, a point P in space is represented by an
ordered triple (p, 6, ).

1. pis the distance between P and the origin, p = 0.

2. 0 1is the same angle used in cylindrical coordinates for r = 0.

3. ¢ is the angle between the positive z-axis and the line segment ﬁ,

0o =

Note that the first and third coordinates, p and ¢, are nonnegative. p is the
lowercase Greek letter rho, and ¢ is the lowercase Greek letter phi.

o ®BE—RP(z,y,2), BR0(0,0,0), EEOP = (z,y,2)



. 6 2OPHE xOy TH_FAUSES x ARk
. $ROPS z i AR
o BAMIRR > BkE
e p=val+yt+2?
e cosf = \/me—er“’ B,

e cos¢p = >

o BRE -> HRAMIRER
. [A& OP £ xOy FH NS K EHr = psing

e z=pcos¢

e = psin¢cosb
e y=psin¢sind
o EIFAIRR & IRREH
o RS
- BEREAMTR, FHE—MP(2,y,2), RRA0(0,0,0), MEOP = (z,y,2)
o EEMIRE
« r HEE OP & xOy FHIR S KE
o ORIRTS x HIRYKA
o KK
« p=|OP|
o 0 Zp £ xOy FHE LAYSFS x HAIEMA
« ¢ Bp 5z BRI
o EIEMIRR > BKR
o p=+r2+2?
© O ERISAE
° cosp ==
o BKER -> EESIRR
e r=psing
o 0 RIS

e 2=pcos¢

Chapter 12: [IEFHEL
B =
o TEHLRIEERE

FEITHRE, XERHMER—PNE, St SIrERRXTIE t BB, e
TEZRISIEER, (ERMEIAARRE— e, NIRRT sh—NEHARIRIEIRZARY
B, FBRSs— T EHIRZRRIEL

o FHEHZENX



H—EBR(f(t), 9t)EX MR, B t hSE.
HAMALHT x I y BOB USRI :
z = f(t)
y = g(t)
o HAFt NS, fHEEAET tHERERE, SHoSArRRmEE 3L,
. FAPERIEE Y ATIS | AR A E R
. PIEEEHEN:
o r(t) = f(t)i + g(t)]
o HFt N8, fHIREAET tHHESERE, SHoSAFPREEE 3,
. FEhL > MRERS: RES()F(), HBE tHKE, FEEEREEN
r(t) = f(£)i + g(t)]
. BIE{ERE > PEELE: HAt
. BB ERSIEEMLR
o MR BASHENEESES BN
. Fhg: BASEMD BTG
. RBRATEL:
. TRIREIEN

If r(r) approaches the vector L as 1 — a, the length of the vector r(r) — L
approaches 0. That is,

[r() — L[| — 0 as - a.

o RRATKAR: X () ARPRATRBE R TIES NS BREHRIRAIRR

o EESEMRIEN: t — oFTHONRPRAY(E="(a)
o EZRMERHAIEN  ZRETERE M L H b ERiZEss

EEERMHI RS

. 5
EB: MREREARLAROE, RATHAIE S BRI (T
ERANBNEREEEE, WRNTRRGINERRRE, ROREEN

£, ZR15E— SCEE.
« X



DEFINITION OF THE DERIVATIVE OF A VECTOR-VALUED FUNCTION

The derivative of a vector-valued function r is defined by

.or(t+ Ay —r(t
€)= Jim M0

for all ¢ for which the limit exists. If r’(¢) exists, then r is differentiable at ¢.
If r’(7) exists for all 7 in an open interval /, then r is differentiable on the
interval 1. Differentiability of vector-valued functions can be extended to closed
intervals by considering one-sided limits.

Heh, r(t) Er(t)TIEAR, 356 ¢ BN RE.

HE: WRADBINESKS (HHA? )

BT B

VRS SR NI R i, TIREENE EREESECH 0 1)
1055V B LT

THEOREM 12.2 PROPERTIES OF THE DERIVATIVE

Let r and u be differentiable vector-valued functions of ¢, let w be a differentiable
real-valued function of ¢, and let ¢ be a scalar.

D/cr(t)] = er’(1)

Dr(r) £ u@®)] =r(r) £ u'(1)

D[w(n)r ()] = w(r'(r) + w'(Dr(2)

Dr(z) s u@®)] =r() - () + r'(z) - ulz)
Dr(r) x u(®)] =r(®) x u'(t) + r’(¢) x u(?)
Dr(w(®)] = r'(w(®)w ()

If r(z) - r(z) = ¢, thenr(z) - r’(r) = 0.

NS R WD

o« F—%: B—EBEERUAE, ERSRERERENERR, IPANERK
g, MENRHDEKRS.
o EIK: WNAERN, SEZIENRHSERM. XENENERKS, R
MERSENZNDEKRS, REHEHEN.
e F=K (BER)
o —NEBRECRLUA—MEE, XPMRHSTNXNMEEPHZNREGER.
o RIERZUEN, XFPNREERIRETR, ERE:

(w(t)£(t)) = w'(t)f(t) +w(t)f'(t)
o BRAJRIAIT:



= E(w(t)f (£)i + w(t)g(t)5)
d L d §
= E(w(t)f(t))Z + E(w(t)g(t))J
= (w/(t)f(t)j‘ w(t)f’(t))} + (w(t)g'(t) i‘ w/(t)g(t))z
= w’(t){(t)i +w' tzg(t)y) + (w(t) f' ()i +w(t)g'(t)J)
=w'(t)r(t) +w(t)r'(t)
- FME (BER) :
o MM MEERERE, BETS I DE05EE, REHENN
o NWRERILERHAITKRE, HEITUZIDERKE
o HESUT:
d - -

2 rlt) i)

_ %( F1(0)i 4+ 91(8)7) - (F2(t)i + g2(£)7)
_ % 11O 2007 + g1(8)g2(8)7)

= L WA + (@ (0e07)

= (FO£(0 + RORON-+ 6109200 + )50

= (F1(0) f2(8)i + g1(£)g2(2)7) + (F1() F2(8)i + 91(2) g2 (1))

=< 0,610 > - < Fa0),0a00) > + < (D), 01(8) > - < F40),gh00) >
= r'(t)u(t) + r(t)u'(t)

- FHF (ER)

IR FEHPHNRERAEXE, RETEFHRETENE. FANFERESEE
BT NMREMERIFE.

o HESUT:

d . -
FGOREIO)

jt(< Fx1(t),g*1(t),hx1(t) > x < f*2(t),g*2(¢),h x 2(t) >)

R j k
= |f*10) gx1(t) hx1(t)
F*2(t) g*2(t) hx2(t)

jt (g% L(&)h % 2(t) — hx L(t)g * 2())i — (f * L(E)h * 2(t) — ko x L(1)F * 2())] + (F * 1(2);
TEHHENFFEKRS, BTFAK, RUERSAYHESHERIIGEH:, ST



= (g1ha — h192)"i — (fiha — h1f2)'7 + (f1g2 — gle)IE
= (ghha2 + gihhy — higs — h1gh)i — (fiha + fihy — By f2 — hifa)i + (fig2 + figs — g1 fo —
((91h2 hig2)i — (fiha — By fa)i + (fig2 — 91 f2)k) + ((91hs — high)i — (fihh — Ryfa)j -

i gk i gk
— | pr ’ 1+
1
fi 99 hi|T|fi &1 M
fo g2 h2| |fy g5 hy

= 7 (t) x 6(t) + 7(t) x @ ()
o FRK (BER) | SOEERFNSHIBE BEREN, M2 w() i, X3

f(w(t)Flg(w(t)) BIKRESBREETGEN, DBIBRF (wt))w' (t)Flg (w(t))w' (2)
, BRIMERE f/(wt)w'(t)i + ¢ (w(t)w'(t)j, HESIT:

« Bt (BR) | KIEENERRAT, k&5 5E
27 - ()7 (t) = 0

BBARBAFER() - 7(t) =0
o Fi7: NREERHEZIDEDIKERDTIAERSD.
o FEfRD: BENS MRS ERERDRIET
o FERD > EBAERD TR, -1ES: BIgf(t), o(t)Fr()HIRERESBIE
F(t). Gtt) Fl1 H(t), RARR®) = Ft)i — Gt)] + H@t)k, ESHT:

F(t)+c*1)2—(a(t) C*2)j+ (H*t+ Cx3)k
( (C’*lz—C’*2j+C’3k)

~
~
S
I
Q
—
i
N
Sl
+
=
&
i
~

FEUHEIBR (t) = #(t)

EEFIINERE & FIEE)

o RUTERAE— MK
o tEIZIBIE: 7(t) = 2(t)i + y(t)]
. BEEE
. S
o TENIHARNER, IZMMRIORIBAF(L) = x(t)i + y(t)]



FEA®) BHESS, ZRRIRIB 7t + At) = o(t + At)i + y(t + At)j
EIXERR BRI 2N ERERR 7 (E + At) — 7(t)
R A—ERATENASTSERE = (U E / IEHE, RFESERE v, B4
7(t + At) — 7(¢)

At
IAEKRRANIRE, HIEEILAt — 0, HULARE

lim ¥ = lim rit+ At —r(t)

At—0 At—0 At
IZRERANEEHIMERENEE2ERMNSBEREN (t), RIBAREER
1RIEF(t + At)F0F(t), BXNESIHT—TEE, 18

v =

—

(z(t + At)i + y(t + At)J) — ((£)i + y(t)7)

At—0 At

(t+At) —z(t)~ . y(t + At) — y(t) -
Az i+ lim_At — 0 Az J

— lim +At — 02

—

= a'(t)i +y/ ()]

* BPAIZEERIRNAN()] = V(&' () + (v (1)
NmERE
o HNATUBIWMABTEERNA/ N2V HEERSISE, BAIREF/EE
MAEKE, AILESHEENEEAEERHNSEH
e A d=7"(t) =7(t) =2"(t)i +y"(t);
kg, EE. MHREES
o XA > HANE -> REFFE t THIRE > SHHE

HERIER
o BEZSRAERDKERRLY, BYTNEXRBEELIRN
FHILZZN

o YIEST: EEHASRLNAOANES, KESELLERND (FREEESEN)
- BREBIR: ZIMARLIRE it HHERESKFEEXAA0, SERh, YRR
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s(t) = / #(8))dt

o X s(t) Bi2Z arc length parameter
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e X/ 12.5 The Arc Length Parameter and Curvature» Chapter 12 Vector Valued
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o EX
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RY75=L:

o FARIZI t REMXAIFZ: LEAIBAVERE t=1 B, ARERE?
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. TERTSCRANRENS, #(t) ST
o [7(0)] 1T t AERIEREEAOAN

o T(t) BEESALNRCHEE, BE 7 (s), ¥EY |7 (s) =18 s AilKS

THEOREM 12.7 ARC LENGTH PARAMETER

If C is a smooth curve given by

r(s) = x(s)i + y(s)j or r(s) = x(s)i + y(s)j + z(s)k
where s is the arc length parameter, then

Il = 1.

Moreover, if ¢ is any parameter for the vector-valued function r such that
r'(1)| = 1, then 7 must be the arc length parameter.

M SERHORIFR -> HE
A0S T B ATLIS IR

e Curvature intuition (youtube.com)

o Curvature formula, part 1 (youtube.com)
e Curvature formula, part 2 (youtube.com)
e Curvature formula, part 3 (youtube.com)

e 12.5 The Arc Length Parameter and Curvature» Chapter 12 Vector Valued
Functions » Calculus Il (und.edu)
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THEOREM 12.10 ACCELERATION, SPEED, AND CURYATURE

If r(z) is the position vector for a smooth curve C, then the acceleration vector
is given by

wyn—T+4?)N

where K is the curvature of C and ds/dt is the speed.

o S MNIUREEMMERRRINEE

* ar HESUF

o ay HESWT
L o= |uxad 2
ay =a = =4/a%2—a
v 3 Vi —ai
ds
— 2 (BK
2 (1K)
ds
= K(=2)2

_d?%s
dt?
d?s ds
= FT K(dr) N.



SUMMARY OF VELOCITY, ACCELERATION, AND CURVATURE

Velocity vector, speed, and
acceleration vector:

Unit tangent vector and principal
unit normal vector:

Components of acceleration:

Formulas for curvature in the
plane:

Formulas for curvature in the
plane or in space:

Let C be a curve (in the plane or in space) given by the position function

(1) = x(0)i + y()j Curve in the plane
r(r) = x(Di + ¥(0)j + z(Hk. Curve in space
v(r) = I"(I) Velocity vector
”V(f)” == = ||I' (f)H Speed
a(r) = I'”(I) = aTT(}‘] + aNN(I) Acceleration vector

r'(t) T (1)
T() = — and N(1) =

I @ IT @)l

v-a d%

T =T = 5
vl ar?

o =a- N =Pl = - G

o
K = ﬁ C given by y = f(x)
A
K= M C given by x = x(1), y = ¥lr)
K= ||T’(S‘)|| = ||l‘”('i]|| s 1s arc length parameter.
= ||T’(F)|| = ||l‘ ’(I) - l‘”(}‘]” tis general parameter.
e @) I @I N '
_a() - N@)
v

Cross product formulas apply only to curves in space.

Chapter 13: ZTEFHE

ST EHYE N
. SEBEMN

DEFIN]TION OF A FUNCTION OF TWO VARIABLES

Let D be a set of ordered pairs of real numbers. If to each ordered pair (x, y)
in D there corresponds a unique real number f(x, y), then fis called a function
of x and y. The set D is the domain of £, and the corresponding set of values
for f(x, y) is the range of f.

Heh, ZZERHAIEXEMESR. OUZERN, S8, SR, FER
HSEEREREFRIRNIAER.

- ZLERHEIR
- HEENIE, {Ei%
o RIZREN f(z,y),
HE&
o Level Curve (¥t 2%Z58

< 2= f(z,y), RELEFTRE z TRMEE, FaERMER

l\

EREY)

o BRIRERELA 2 = f(z,y), € zFFAREBN ¢ (BHES f(z,v) FTFABNEE) |
LS HI B AR EE FRIRIZ:



o XMEEERTEMIE FLHISESL

« FREA Level Curve E2EINIREREENFEEHET, SHIHNEXT x fy A%
« Level Surface (§tX7 3 TEEREY)

o THREEELA f(z,y,2), 2 f(z,y,2) FTARERIEE c, BIa4aHIH Level Surface

o XMEEERT I ARREERF A RIERE TEIE

ALFE R

AL wraL

.l.lll“&l- (LWL T N I.l.-uJ LFE Wi RLS R BJL

One-way coupling of ANSYS CFX™ and ANSYS Mechanical™
for thermal stress analysis

Figure 13.15

« MRELA9 Level Curve 2EDIEREENFELET, SHIHAIEXRT x. v z AYHHE
o ITEHERHIRIIAES

TRBRFNEESE

o FEPEBRIEN
o BMTEFMRZBREEERE: d= v/ (z1 —20)2 + (y1 — v0)2 + (21 — 20)2
o IRZTEF 6— EMAMESI: LA (w0, yo) REOEILL 6 FFEHE (6 > 0) REIR.
BHEFESEzRN—NEE, ZEEHRE {(z,v) : V(2 — 20)2 + (y— y0)? < 6}
e open disk : HA <




closed disk : ATFAH <

o NEBR: AERRAY 0 F12AR, A RERE R KigM
o BHRR BRRIFRER, BoRERXHER, o RE R XEHNE

FXE: FrEREERERm
FXE): FEEAR
o 2 LEREEIRIRENX
o BT EREIRIREIER
o HEREL y = f(z) P, XFIR (z0,v0), WFTEEN e >0, BFEXIMNEI S, {F
BTFERRNO< |z —zo| <6, BB lyo— L| <e; HFRy = f(z) FER zo &b
HIRBRA L
e EX
o TERREL f(x,y) &, XFTFAER (20, v0, f(z0,%0)); NNTFAEBR € > 0, SFEXTRL
B35, HEXNTFEEOO< V(z —20)2+ (y— )2 <6, BB |f(zo,v0) — L| <e;
AR f(z,y) R (20, y0) EHIRERA L
. FEERTN

lim (Jf,y) - (wo,yo)f(w,y) =L

o B/ZTERETILL
o AMRPRITTERANEL: 2->3
s MRZEEBNENTHT: 0<|z—zo| <d->
0<+v(z—x0)2+ (y—y0)2 <
o RIRAITZRA z — 2o TN (z,y) — (20,%0), NTISEXITF — FFSENAIZE
e
o WFRTEKRNIE, REEEELIRRIIGIRIR; mRRESE, WRREFET
o WFSTERECKINE, WHEELEEIE, RIRESSFES, SRR

AFE
o MEBBMRAR: M 0 < /(2 —20)* + (y — v0)? < S HESE f(z0,50) — L <, S 6FF
KT e OEANME, ERRIRGE (BER: RERINEE, SREIAFRIITR)

o U1



Show that

Iim x=a.
(x, v)—(a. b)

Solution Let f(x,y) = x and L = a. You need to show that for each & > 0, there
exists a 6-neighborhood about (a, b) such that

|fey) =L =|x —a| <
whenever (x, y) # (a, b) lies in the neighborhood. You can first observe that from
0<JVx—aP+(y—»b2r<é

it follows that

|f(x.y) — al = |x — 4
= JVx — a)?

< SG—ar T - bP
< 0.
So, you can choose 6 = ¢, and the limit is verified. [ |

= 2
EXAMPLE [EJ Verifying a Limit

2
Evaluate  lim 25x Y 5-

() —(0.0) x> + y
Solution In this case, the limits of the numerator and of the denominator are both 0,
and so you cannot determine the existence (or nonexistence) of a limit by taking the
limits of the numerator and denominator separately and then dividing. However, from
the graph of fin Figure 13.21, it seems reasonable that the limit might be 0. So, you
can try applying the definition to L = 0. First, note that

y| = Va2 +y? ; -

Then, in a 6-neighborhood abou Vx? + y? < 8, and it follows

that, for (x, y) # (0, 0),

5x2y
x? + y?

x2
5|y|(x2 n yz)
5|y]
W
58.

/e y) = 0] =

IA

IN

A

So, you can choose 8 = ¢/5 and conclude that

5x2
lim 5 Y 5 = 0. [ ]
(r,y)=0,00 x= + y

o RBRAVKER: GRTE—F, BEETNEASHEEN
o RBRFEM



© RRRWEGE: M lim ok BRI, B o0+ FIMEET 0, B4

z,y)—(0,0

XAMELREII TS K
o RNBNENLEEIAR, RIRESEHER. FIUNRE v = ke, FEHTAKR
HRBA (k TLARARRNEE) . EXREARIRERS L 1HX, BBARAM
ENAREEEN (kAE) |, RRAE. BAKRAEFE, SURRFEE.
EREHNELRMEEN
BREY f(x,y) TER (0, y0) 1ELE
o lim f(z,y) = f(20, %)

(z,y) = (20,%0)
o BREQ f(x,y) TS REUEFFXIE LIHAURERESR, NIZRETEF XA L AEELRE]
o ERSTERIE (v, ) REUINNEE: B2, REMER. MR, (z0,v0)

. 2%
[ ]

- SEERGES: MEGERMIE (z0,y0) 0ER, FHESHEZRIKARITIER

o EEMNIL: FELKEINESRIMTS (RIEREEXE)
o 3 BERHABELMEENX
o TECRZERHIIRN: PHARNENKETEN, BEEARAIEBEAIN, AR
FMIXBEIRIE X AEEA T — LR NGRS, RSB s — R,  ELfRIE XAIEER
#OF0 2 TEBM TR, LEAHEER

RS

- 2 ZERHIRSEX & ITE
- REMNEN: REERBEITEZETUHNEER
DEFINITION OF PARTIAL DERIVATIVES OF A FUNCTION OF TWO VARIABLES

If z = f(x, y), then the first partial derivatives of / with respect to x and y are
the functions f, and f, defined by

flx + Ax,y) — flx, y)

flx,y) = lim

Ax—0 Ax
ooy o Sy + Ay) — flx, y)
f(xy) = Jim, Ay

provided the limits exist.
o REAKAE: EEMETEIFELY, XERMNEWTEEEXE ((REESTHER
E) NS

« REIFFESRT



NOTATION FOR FIRST PARTIAL DERIVATIVES

For z = f(x, y), the partial derivatives f, and f, are denoted by

d - N B a_z

axf('x5 y) - f\'(x‘) )/) - Z“- - a.r
and

0 _, &

The first partials evaluated at the point (a, b) are denoted by

9z = f(a, b) and % = f\‘(fla b).

ox (a, b) a_\} (a, b)
o RENIUTENX
o BRIRREA 2 = f(z,y) (ZREFHNE—N=4=EHAIHE)
e Hy=yo B, R z= f(z,y0) B z= f(z,y) FIFMHE y = yo BIRLL, XI
z = f(x7y0) *Xﬁ%

2 = lim f(zo + Az, y0) — f(zo,yo0)
Az—0 Az

e Har=zx\0, RE 2= f(z0,9) N z= f(z,y) FIFMA =z = z( IR, X
z= (xO, )*yﬁ'ﬂ'

f(xo, Y0 + Ay) — f(x0,Y0)

o« RgE: LS DRSS fE Yy A x BEIERT, x Ay A EgAoRER
« B (mo,yo) LE’JF«—A‘I"%’ BEFHNERA
o REEMNA: KERHENTE—BEZENTUER
E&ny;uéﬁﬁﬂ{ﬁ SEX &1TE: MREMANEERNRL, WA EEL
« 2 ‘JZ 3 ZERHAISHRS

E/aPF I mixed partial derivative , HF, #NR f,, 1 fym EAKXE R /Y
LpRES, BRAXITF R LHIFRE (z,v), EBB foy = froo KT 3 NEZERLLERIR
W, ZIERRARKAL,




Show that . = f.. and f,_. = f... = f.., for the function given by
flx,y,2) = ye* + xInz,
Solution

First partials:

X
ﬁ((x, Y, Z) = yex + In < fz(-xs Y, Z) - g

Second partials (note that the first two are equal):
1
Z’

X

f:rz(xa y, Z) = %’ fu-(xa Y, Z) = fzz(xa ¥, Z) = _2_2

Third partials (note that all three are equal):
1

! 1
fYZZ(x’ Y, Z) - _;’ fzxz(xa Ys Z) = _;: fz’z,t(x’ Y, Z) = —?



sz

1. Differentiate twice with respect to x:

ax (EJJ;) 6x{ Fer

2. Differentiate twice with respect to y:

o (af\ _ Y
ay (ay) dy? =y

3. Differentiate first with respect to x and then with respect to y:

irlin) = oy =5

4. Differentiate first with respect to y and then with respect to x:

)=y

T ERNEEFHDSES
B8 f(z+ Az) — f(z)
Mo dy—f’( )dw

o EEMMOAITS ERERIMDENX

IRERE 2 = ( ), z RUIEEN Az, yHIBEN Ay
AL 2 RIBEN Az = f(z + Az,y + Ay) — f(z,y)

x RIS 9 de, y RIRISS 9 dy

2RO IEXIT

0z 0z

dz = 8—dm + a_dy fz(z,y)dx + fy(z,y)dy

EMD TR



s YTEZIRENEMD, HEFTRENSTERENRS " ZEXENHNS
YA
o BIEIRSTEREL 2 = f(z,y,u,w), H2HDH

0z 0z 0z 0z
dz = %dm + a—ydy+ %du%- %dw

. ETAUHI

TRSZERMAIMNFMNBRTEREAER, WTHELERL, [RAFEESHE
EHIRl, M TSEERE, f. M f, BFEA—EIEBEAN. RAEBR e
BRI AT S

. W
| SRR STHEMS TR, IREEA,

o EEANROIR: IRREH Az, FIBNZ Az 2EBESHK
foAz + f, Ay + Az + Ay, B (Az, Ay) — (0,0) BF, € e, #ATF O

o X R WA EXIEH R AHNEAN &85

o MEEFIWT: XNTFRE f(z,y), & f. T [, BEFXE R EiELE, BBA f(z,y) TEXIE
R A1
- G aplix [V
o QI z = f(z,y)
o BREUBRYRISD
dz = fydx + f,dy

o RBENTHE
Az = foAz + fyAy+ e1Az + e2Ay

o MENREIR, 32 Az F Ay BiIETF 0BF, & Fl e BT 0. ELLAS Az F1 Ay
HAK, EHEIITLUAEFERESEEERT. BREENTHESEN TR

Az = f, Az + Ay

o BBAIREN e1Az + e2Ay
o IXMTTIEFRILNETI
o IREDWT
. ERHREAT R AL
. EETLGRLL 4V
. AISSIEL
o WNSRFREL f(z,y) EXE R EAIS, FPAEHE R LiE4e, ERRUIT
o FAIRNERRBIREM

Az = (fi(z0,y0) + €1)Az + (f(z0,Y0) + €2)Ay



lim  f(z,y) = f(zo0,%0)

(z,y)—(z0,90)
e \EA f(z,y) EX[E R LAIS, HiL
Az = (fz(x0,90) + €1) Az + (fy(x0, y0) + €2) Ay

« B3 (Az,Ay) — (0,0) B, e1 fl 2 AT O

Az = f(zg + Az,yo + Ay) — f(xg,Y0)
o A
f(@o + Az, yo + Ay) — f(@0, yo) = (fo(z0,90) + €1)Az + (fy(20, yo) + €2) Ay
- EA

Az =z — x9
Ay =y—1yo

o BBARIVAILIKE S
f(zo + Az, yo + Ay) — f(z0,90) = (fa(z0,y0) + €1)(z — o) + (fy(z0, Y0) + €2)(y — Yo,
&

z=z0+ Az

y=1yo+ Ay
« BBARKAILAKE A

f(@,y) — f(@0,90) = (Fa(20,%0) + €1)(z — 2o) + (Fy(Z0, yo) + €2)(¥ — o)
o M (Az,Ay) — (0,0), BATTLAER
lim (z,y) — (0, Y0) f(2,y) — f(@0,y0) =0

- Al

lim  f(z,y) = f(zo0,%0)

(z,y)—(z0,Y0)

o BESRMERM, BEIRLL f(z,y) 7 (20, y0) LeRIRIAT, BREIEZES
o WNRFRE f(z,y) EXIE R EAES, BPAEBER L—EATS

S ERIHEREN
. STEHENEN

e BZAE BRR w2XTF = F y B9REL, M= 0y XEXTF s 0 ¢ BIREL. FAiImT
PEETA = 1y UREE v (ORESREL) , LASLIINY s 7 t (mSAVERSK



iz,
o BRPTEREIUEN: wEXT = My BREL, M2y XEXT ¢ BIRE. A

TR e o ZENKE, EEEKRES, EREEESIETEMNERT, X
RREKXTHEHP—BETENTMHER, RRAE t — 88, MmLEHM,
BLMEKRSE. SNNARSHTS, 022 %%

dw Owdr Owdy

& oz dt | Oy dt

o ZEZTEANMEGEAN: w BXTF « Ny BIREL, M« Ay XEXT s §1 t BIREL
BAEXK w XF t (RS, fwXTF s RS, FIIFTEDF KR

ow 0w dzx Ow Oy

Bt 0z ot oy ot

du_wds  dwdy

ds Oz Os Oy Os

o WTESETEMER, BIUEAURAER
o [RRERS & HEzVEN
o« [REERS

[EIR: FREREETTEEREN v fl « FIRARRIREL. HERRRIE F(r,y) =0
th

o IRIRRERIENANT
F(z,y) =0
o Sw=F(z,y). HNMEATUER, wBKTF My BREL, Mz 2XF W
BREL, y BXT x IR
o NS, BNTLUXEFEE, w2XT v v AR (w=CG(u,v) , M

u=x, v= f(z),

o RIERIUEN, wXTF z NREETLUXHES
dw ow d_u ow ﬂ

Gr Ouds | 9 dz

o HRIERIMAE, FAFE w =0, BPA % =0; B u=121,v=f(z) HE

¥, 918
dy
F+F—=0
= T8y dz
o AL rJ5E2EREF
dy F,



o FREREGELCEN

THEOREM 13.8 CHAIN RULE: IMPLICIT DIFFERENTIATION

If the equation F(x, y) = 0 defines y implicitly as a differentiable function of

x, then
dy F.(x,y)
— = == , F (x,y) # 0.
dx F,(x,y) )

If the equation F(x, y, z) = 0 defines z implicitly as a differentiable function
of x and y, then

0z F\' (.’C, Vs Z) dz E (.’C, y, Z)
= Ay d ke A F(; . 7 £ 0.
0x F.(x,y,2) - ady F.(x,y,2) % ,2)

HRSHHEE

XA BT /5 B SEFIE ERHAZMRISMT: Directional Derivatives | What's the slope
in any direction? - YouTube

s MEERFHIZ RS
- BIBIRE: REE—THLZ 2 = f(z,y). f. @3y BIER, E xR ERIBEZAIR
=, [, 23 x BEER, &y AR EAHENRER,
o B RIEZHIRNENIR, FAIREBEKRMEIE xly HAEAIRIER, TiEKE=4mEES
HEERRER (8280 .
o FRRINE: SINDASERIEE

o RENVEERBENARF = BRI 0, BBAIXTARIE = HIF] y 1 LA
DHURE cos Fl sin 6 (HALTENRIFHREA MERRRIZ 0, XEMERNRE, —
RRBIERAETE T i, RFEEXITENGR, k2
v/ (cos0)2 + (sinf)? = 1, WiBH (cosd,sind) B—NER{MAE, FHIFAIRILART
ERKERIAIXMNRMME, SKIRE BRI RLTR)

o [RIZENBIIERAITZE P(zo,v0). TE xOy FHEE, £ 0 FHEFMAE t PR
i1, BBA = JS[RIAHRAT o + tcos O, y FTRIEIRIT yo + tsind, EFHIE
AOEAYARERA (20 + tcos b, yo + tsin 6)

o EEMMEZA, HINFEA—NMARRESTRE 2 = f(z,y), M P(zo, o)
mRA, EES o 0 0 IREE « MR, HREE (2) BIEK

Az = f(zg+ tcosb,yy + tsinh) — f(xg,yo)
o AAEAE xOy FHE L (FEARE xHHE y ! ) HITEmRA¢
o BBAEA 52 RENZITERE FRTILRIER

Az f(xo+tcosh,yo+tsinb) — f(zo,yo0)

t t

o BRRRIE P(z0,yo0) WAL, F(IFELLL — 0, BAKIELTSH


https://www.youtube.com/watch?v=GJODOGq7cAY
https://www.youtube.com/watch?v=GJODOGq7cAY

/,\

AN

. z .. f(zo+tcosB,yo +tsind) — f(zo,yo)
lim — = lim
t—0 t t—0 t

FREEZEAS, RIERNESEZEREHSHIERAE

f(@o +tcosb,yo + tsinb) — f(zo,y0) = fodz + fydy
UEBRTEXER

PROOF) For a fixed point (x,, y,), letx = x, + tcos fand lety = y, + 7 sin 6. Then,
let g(r) = f(x, y). Because f is differentiable, you can apply the Chain Rule given in
Theorem 13.6 to obtain

g(t) = £, y)x (1) + f(x, y)y(1) = fi(x,y) cos O + £ (x,y) sin 6.
If t =0, thenx = x,and y = y,, so

g'(0) = f(xp, yo) cos 6 + f L (X0s o) sin 6.
By the definition of g (z), it is also true that

£10) = tim £0. 20)

1‘—>0 !
~ lim flxy + tcos 0, y, + tsin 6) — fx,, v,)
1—0 t ’
Consequently, D,, f(xy, ;) = f,(xg, ¥o) cos 0 + f,(xy, ¥,) sin 6. [ |

BHTF dx = tcosd, dy =tsinf, RFUt LA FAILNEN

%ir%(f(:z:o +tcosf,yy +tsinb) — f(xo,y0)) = dz = fytcosO + f,tsinf
—

ARizzUkRA ¢, BIERNSHEANATLNES

Az
11_1)137 = fzcos0+ fysiné

M fzcos 8 + f,sin 6 AJLAKE AR EERIRRIZZ

fecosO+ fysinf =< f,, fy > - < cosf,sinf >

ARTHRSHANATLINE S

A
11r%—tz = fecos0+ fysinf =< f,, fy > - < cosf,sinf >
—

XBHME (f., f,) WIRABE, BISIE Vi(z,y), ARERDBIE 2y BHE
FRORIER, thEtEMEE x fl y THHRAVREMBERIZLE; cos 6 1 sin 0 FHFRA
FAEE, BRFRTENSEEST « REINAE (%5 B LAR

i = cosbi + sinf) Fx) ; WENFRFRAAESE, LA D,f £

g

B AREENARBNRAE, BUARNAKIY (AASEAERETERNT
ERREERR) ; MRLRAREFRRMNEE, BPARTHARNRE

- FESH



t 0 tsin @) —
Dﬁf(%?!)ihn(} flao + tcos ’y0+t sin@) — f(zo,y0)
t—

BTt P(zo,y0) &7IS, BPAZSEAILKESN

D.f(z,y) = fzcosO+ fysinf =< f, fy > - < cosb,sinf >= Vf(z,y) - u

o« WEZERERIEE

°

- BERFEEPI—AE (EEAEZEF, BA V() RE21MDE (f2 fy)

), EiERREREEEINRIRAIISE
2RI, & 4 F5E LA ESHEHERHEREN REE | RIR5E

e [g]
T EREESERIN A
IR BERENSEFE—EN Level curve EH (BEE! ) XN EIZHEBRIRGT

o SHILREERIN&RIRIERTTE
o AILUGHRSHIREANE—T

Dﬁf(ma y) - |ﬁ“Vf(:13, y)| cos ¢
BT « RRMAE, B |4 =1, BBARIHITLIKEN
Dﬁf(may) = |Vf(ac,y)| COS¢

Hrh ¢ ZBEEENSRRIERIRA.

NZHFHFALEL, BRSHNEKERAE cos¢ = 1 FIAR, D EmER

BEREYT, &XEA |Vi(z,y)|, BEZARELARR, S/IMERE

cos ¢ = —1 BIIAR, MRS REEMNEERENTFER, S/IMER -V (z,v)|,

INEZANRE FERIR, & Vi(z,y) =0, BBATRSENO

SFF— Level curve f(z(t),y(t)) = c, BATTLISEMILKRESE

fex(t) + fy@) =0, BF (@'(t),y(t) HEIBEE level curve RIAMMEE, M

(fer fy) X RAVEE, FEULITTF level curve , HEMNESEREETHAMAE
THEOREM 13.12 GRADIENT IS NORMAL TO LEVEL CURVES

If fis differentiable at (x,, y,) and Vf(x,, y,) # 0, then Vf(x,, y,) is normal to
the level curve through (x,, y,).

TERHPSRSENSE: EttSEEBMmEER K, RRNEXRSRSEA

BEMXT (AA=ZELUREEE, SHR— N E4EDE) |, W, Vi, y2) EET

level surface (A2 level curve [R)


https://math.stackexchange.com/a/1680729/1326289

DIRECTIONAL DERIVATIVE AND GRADIENT FOR THREE VARIABLES

Let f'be a function of x, y, and z, with continuous first partial derivatives. The
directional derivative of f in the direction of a unit vector u = ai + bj + ck
is given by
D, f(x,y,2) = af(x,y,2) + bf,(x,y,2) + ¢f.(x,y,2).
The gradient of f is defined as
Vix, v, 2) = f(x v, Db + f(x, p, 2 + fx, p, Dk
Properties of the gradient are as follows.
L D, flx,y,z) = Vflx,y,2) - u
2. If Vf(x, y,2) = 0, then D f(x, y, z) = 0 for all u.

3. The direction of maximum increase of fis given by Vf(x, y, z). The maximum
value of D f(x, y, z) is

IV, y. 2)

4. The direction of minimum increase of fis given by — Vf(x, y, z). The mini-
mum value of D, f(x, y, z) is

‘. Maximum value of D f(x, y, z)

- HVf(x, y, Z)” Minimum value of D, f(x, y, z)

tDEmEiEZ

° %@:ﬁ@é&%{{b level curve / level surface
. IR f(o,y) BV, TIEHEEALA Level curve/level
surface , FNIAILAS 2 = f(z,y), BBA f(z,y) —2=0
o 1S F(z,y,2) = f(z,y) —2=0, BBA F(z,y, z) BIEGHE— level surface
o P EFIRRE AL 2
o EHEHAE: VF(z,y,2)
o UERBAIT
o ZMERSIEA F(z,y,2) = 0. E—RKH&LTZMEm L, HA5EA
7(t) = z(t)i + y(t)] + 2(t)k
o Xt F(z,y,2) = 0 KSA1E

Fy(z,y, Z)xl(t) + Fy($a Y, z)yl(t) + F,(z,y, z)z,(t) =0
. BBA
VF(mo,yo, z()) . F,(to) =0

o R 7(t) RIREMSEHNTAYILER, ELWrIAEY VF(z,y, 2) FlizHgkE
BH. AARESENEREME EAm—&is, RETR P, At
VF(z,y,2) A LSS P AHEFE—RHHEES



o FILHEE P i X—RBSEEEMZ VF (20, Yo, 20)
o YIFE
o RIZFEIT—R P(z0,y0,20), FAFERGEREN VF(z,y,2), ELLZEEM
SPESE P AYEHAIRESFEST 0. EGZFERATNAT

Fio(z —z0) + Fy(y — yo) + Fa(z — 20) =0
NENSTHEEREL F(z,y,2) = f(z,y) — 2, Bt f. = -1, BPASRIEIN
Fo(z — z0) + Fy(y — yo) — (2 — 20) =0
o HHEAL
o HELELZAIMNAMEA # = VF(z0, Yo, 20)

o RAZIELZI R P20, yo)
o RILHRELEZRIZETTIEN

T =1x9+ Fyit
y=yo+ Fyt
z=2z9+ Fit
B, MNFREZENRE f(z,y), BN f=-1, BRI
x=ux9+ F,t
y=1yo+ Fyt
z=2zy—1

o BIRR: PRFEAZEAER P(z0,yo) SEAITIZKAR
o IR PPEERT R, BBAXFHEAES TN FENES. FFEEE
LRRED AR NFEN V EF. BBAEKENEETRIMHENEE, HER
MR MEEEERNE, BRRNERAXFIENSERE.
o BX—/ PRI, P REYRTRHE AT EREZERIA,
o T[EPFEAMTAEKE

| E—HETE P(x0,y0) AUV FEAVKREAMRMAET AU FATKEE
1

VIR i+l
o 53 WFEXAKE

« N FEZE—NEAE, ZEREENAFEN vV BF. FEIRARZ
EAERFRA., BEEINHRRAT, HATTLKEEAIRZLE.

o XAEFMANARRET: AT — N FEENER, MmiAE— " FEfKFrEI%E
fy, SHETKEEEAEHRE b, BESR— N EERE -> ZEmEEEF k5
RX(E

o Vf(z,y) 1 VF(z,y,z) tHiK

o FHEREL f(z,y) =2, Vf(z,y) 2HTRRRMEE, HEET level curve
F(z,y,2) = f(z,y) —2=10

cosf =



o FERE f(x,y,2) = h, Vf(z,y,2) B=HTEAPHRAE, HEET level
surface F(z,y,2,h) = f(z,y,2) —h =0

AEERARE

XEBE&IME. &AE. IME. RAERE XEMEZEREFRISHELL. RIAIXE
RUFFARIE X R E T —E AL,

o R[ER: — closed region R (BHMEEZLFR) A, WR—REXERFERIR
AN, BRACRKERRISEA/&/IME
o TRER: — open region R (BHMEBAEZUR) KW, WR—IRILEBHERRE
RURERAIN, BRAERKEMAIRA/MRIME
o
o BRERIRA/AR/IMERTREHIIAY S
o R WTHREERE f(z,y), f. ¥ f, 1980, HEBEP—MRSAFE
o [RIE: B MRSEHR 0, UHMEREEX—/RL, x#HamEi y #5R EAIRIZEREE
0, BRAX—REE—KFIIFE. KHIFELATIR, BEAMERIME, &
LHRRK(E.
o IR
o MR RENER, BAC—TEREHR RZ, R—REHR, BAER
—ERWER. BATBEERKENNIKRRIZHERET, B— T KFEENE
ERUKE (EERZERE f(x) = 2 FHIMEBMF, (0,0) XTREISES
0, (BEHARRER)
o BATTLIBSHMERERNERSE (FIRESELFAI) | KEExRESH

RAERR.

o BERNETEEEM f. 5F f, FIFIX T RHYEEENER, DL FEREY
ZS foo ¥ £y, FIMXERIMOME (STRTERL, v =08 ¢" #08LIE
RHBTRER) .

o YTERERY, BNFEETHRIRS, EREHITEBIIRERENX.

o ERZMRSHIINZERHAVENHRE (BETHERIIRERTEEN)

£3): PTERHIIMOMEERERXR
o MRBLERHN_MNS>0, BPAE—MSEZEMEN, (RETLIERIREE
GMEEGTR)N, FIEX
o BNE—MSEZER), REEGNCEATEXER

o 3 (saddle point ) : — N f, =0H f,= 0=, E—1NHEBELERKAXE, &
B—ANHRELERRIME: WNERE f(z,y) = y* — 22 7E (0,0) XM RAYIER
o ZHMmSiL

ERAEERARIME, BEET d = frufy — 2
« 1R d>08 f,, >0, BAZARRIMES
« R d>08 fo <0, BBAZRRIRAMES



o IR d <0, BPAZRERER
« MR d=0, IBEAR, FEEISEMERCEZR/IME
- MRBRSAFENBR, BLARESERERNIERR/IME
o WinlRIE
o MR d>0, BRI foufy > 7, BBA fou ¥ fyy FFSHEHE. HHHERX MR

R d <0, FiRBEXMRETE x 3050 y 35 RAIME £, MOMERR, —B2EWR
KNE, —1BERIME,

o EdRYENRLLE, WK £, BATLMER x FELEAMOMY, BEERRKELRZ
SUNIE]

o ZHBALARTAIRFR, W

f TT f Ty
d—
f Ty f vy
o REFRIIRER: TEBRERNEEA/NNAR EARAIREA/N LR, WNRSF LA
RAUEEXR/N, BRALR EREREE (X)) » B, RERHERER.
- BSTERERIHER: AMEN—HRSERSN 0 IR, EttERELAATT B

P EREIR(ERIRNF

o ZLERFENRMAR (MNAM, BIEREYIHRE, AEEERISHIREKRESE
HERA/R/IME)
s NFE JINEELR)
o EFREM, FENBIBRIZRIL S FaJged
n
— y , 12
5 = E [f(x;) — y:]>
F
o Least Square regression line (UEBBIIRZAS P 965 H, LE&ANIERR)
THEOREM 13.18 LEAST SQUARES REGRESSION LINE

The least squares regression line for {(x,, y,), (x,, ¥,),. . ., (x,, v, )} is given
by f(x) = ax + b, where

. l. - 1/ n
=~ 1 o
- - 5 and b= E V; az x; |-
nA\{=1 =1
Xi

hIfsEARSRT
. HIKEIRRT AR
o RIFS: EBSMREIRERT, ERRHRHEEROR b, SR RXRIE
HTERIER, BUME (2)2 + (2)2 = LIERT, KB f(z,y) = doy MISAE
. RE



o BRI f(z,y) WE/ level curve
z = f(ma y)

o BBAIRRRRIRAESN AL $HE f(z,y) FOHEBZAETRE -, BEGHE
uY I

Ellipse: v ‘ Level curves of f:
x2 ‘JZ - Y 4xy=k
—+==1 A
32 42 -
(x,y) T
3 -
k=72
2 ~k=56
14 k=40
“k=24
I 1 1 F—x
-4 -2 [-1 1|2 4 ——+—>x
-1+ 4 5 6
_2 -
-3+
. . _ 22
Objective function: f(x, y) = 4xy Constraint: g(x, y) = 3 + ek 1
Figure 13.78 Figure 13.79

o RIBRINEAIZNE, REEMBERE VS(z,y) BET f(z,y) BY level curve .,
ElJam A BhAatl, BBAMIIMSEERERZFET. Eit,
Vf(z,y) = AVg(z,y) (L& g(x,y) IECIHERSZE) , \ RREEAEFRF
EE
THEOREM 13.19 LAGRANGE’S THEOREM

Let fand g have continuous first partial derivatives such that f has an
extremum at a point (x,, y,) on the smooth constraint curve g(x, y) = ¢. If
Vg(x,, vo) # 0, then there is a real number A such that

Vi (X0, ¥o) = AVg(xp, )

TEIFIERA



(PROOF ) To begin, represent the smooth curve given by g(x, y) = ¢ by the vector-
valued function

r(t) = x(0i + y(1)j, r'(r) # 0

where x” and y” are continuous on an open interval /. Define the function & as
h(1) = f(x(z), y(r)). Then, because f(x,, y,) is an extreme value of f, you know that

hty) = f(x(ty), ¥(1y)) = £ (x4 ¥o)

is an extreme value of 4. This implies that 4°(z,) = 0, and, by the Chain Rule,
h'(ty) = flxg, y0)x () + £, (x0, ¥0)y (t5) = Vf(xg, ¥o) = ¥'(t5) = 0.

So. Vf(xy, v,) is orthogonal to r'(f,). Moreover, by Theorem 13.12, Vg(x,, y,) is also
orthogonal to r’(¢,). Consequently, the gradients Vf(x,, y,) and Vg(x,, y,) are parallel,
and there must exist a scalar A such that

Vf(xo. o) = AVg(xg, yo). m

o {FRRMEER HRFAEMBERERISZE THRMWAEE (MAHER)
o 2 [REIFMETRIRASEAERTFE
V§=AVg+ uVh

Chapter 14: FfH$
| XEWESETIHE
ZERSSFmmi

- ZERD
o iR WESTRHHBENTEKRRDERRESHTEE. RNEBRE f(z,y), W
RO EIEEIXT v RIREL, B8, Xy RoEBEIXT » B9RE. XNSTRENE
PNEEFRKIRD, BINERIZERE]
o R WIRX y Ry, A xE2EH, yETE, Bty AR HIEERDRY
XiEk; X x EE.
o MAZERSXKEFEmER: mHAR

IR XEAPKESENRERTEEERERNERMR, KIETERTEMRA
PHENNKERENE—NEERROHIERE, MEERKESN h(z) - g(z). X2
EA de RERDER =, BT, WEFIZTHROE, FHIDHXAKRE
RIS RNE— T 7. RO de NRERXEEKEE, GHEE
E. GHARSEIEEARL, SEBERN—IXT = My HRENERAE. Lt
Hb, XEBETRAEE, MRZRHENEL, BATKRIERZEMER.

tsh, ARRSINFASHREROAR, BRERSTEFRITEERETES
BIRKHIER.

o St dx T dy
AR



Region is bounded by
c<y<dand

h,(y) <x<h,(y)

| |} £

d [h {1} ~
Area —f J dr:dv
J

rlh} ~e’

Horizontally simple region
Figure 14.3

o 5t dyf5 dx
AT



Region is bounded by
a<x<bhand

y & (x)<y<g,(x)

A
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R
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a

b (g (x) .
Area = j J dy (dx,
g, (x) s
Vertically simple region
Figure 14.2
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THEOREM 14.2 FUBINI’'S THEOREM

Let f be continuous on a plane region R.

1. If Ris definedbya < x < band g,(x) <y < g,(x), where g, and g, are
continuous on [a, b], then

Jff(x\, dA = f ) f(x\, dy dx.
a Jg,(x)

2. If Risdefinedbyc < y < dand h,(y) < x < h,(y), where h, and h, are
continuous on [c, d], then
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Polar grid superimposed over region R
Figure 14.26
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= f(rcos O, rsin O)r dr db.
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THEOREM 14.3 CHANGE OF VARIABLES TO POLAR FORM

Let R be a plane region consisting of all points (x, y) = (r cos 6, r sin )
satisfying the conditions 0 < g,(6) < r < g,(6), @ < 6 < B, where

0 < (B— a) < 2w If g, and g, are continuous on [, B] and fis continuous
on R, then

B (3,(6)
fjf(x, y) dA = J’ f(rcos 6, rsin O)r dr db.
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Figure 14.29
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o KAEEIRE

In the same way that mass is a measure of the tendency of matter to resist a
change in straight-line motion, the moment of inertia about a line is a measure of the
tendency of matter to resist a change in rotational motion.
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THEOREM 14.4 EVALUATION BY ITERATED INTEGRALS

Let f'be continuous on a solid region Q defined by
as<x=<b hk)=<y=<h), gy <z=<glxy

where h, h,, g,, and g, are continuous functions. Then,
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Volume of cylindrical block:
AV.=rAr, A0, Az
Figure 14.63
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Spherical block:
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Figure 14.68
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DEFINITION OF CONSERVATIVE VECTOR FIELD

A vector field F is called conservative if there exists a differentiable function
fsuch that F = Vf. The function fis called the potential function for F.

. H— N ERFEEARTH
o ERFNT BERETRIIES MEERENRRE
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Hrh S RIRIATIRI S B EAR D FRITERE,
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o 5—MERRIRERZEINSTTE ( differential form )
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/
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° %*RQEZFEEE ( Funmdamental theorem of line integrals )
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AR E X, X EEREMTM

o MBE—NEE F(z,y, 2) EVEERE, BACERTHS, EMIHUEURFES
R, SEITEMIRETR, AR RS st
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a C=C,+0C, b

R 1s vertically simple.

C’'= C’1+C’2

R is horizontally simple.
Figure 15.27
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XTHEIREAFZEN, HMOANEE, BAAXNSEEEREE, BEERINEIRAS
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EAIEEENS

=

V x F(z,y)

FREARATNAT ARSI T

/C Mz, y)dz + / Nz, y)dy = / /R V x F(z,y)dA

BBAIRREE T, FHATILUXAEN? &304, HEEERZ AEHARIXER?

o TRIBBTSCUEMAOHIEN, BIITHEES, TLUBN— M HERBERS, Bih
SHIAN BB X PIAITCT AN M BB KIS H0FN. B AA EARRA%H
HOFAS SEGHE.

o BRAHAFERIEE? FEAMEENEAERTBEFPHXN SRR SHEsE 2
ETEH R, WNSREAATEE KIGRIRATEE, FPAXNBEEXIEhIIE
INERMI SRR IR SRANEE R TR, BNHIE,

o BABANRIERRKIGINENMIREBRKIGEHAXRIZ? BN AR XKISGNE
FEFE/ N\ SEERIFOERN, BAXMARRAITLEHET.,

o EEMR: BRMAXHEIERE D ER FREEEEsk

o [FRBRMRATITELIRS
e BMEMFIN, BEEFAAKITE
o 1B F(z,y) BAA 7(t), REFBEIEFINERSARITE
o BELLIIRRAMRIHTITES
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- Eitb
1
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o FRBMARNETRN: 3 4=8PaIHH L
o THR=4="8)PAYpIZ, FZEHZF] Stokes's theorem
o RTERFHRETSH ﬁ’(w,y, z) = Mi+ Nj+ 0k
o A ZIZFPRIGEES

i j kK
— ON - 3M - 0N 6M -
Vi Feud) = f & =g it (G )
M N 0

o IZIFFMEFRD A
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c R

o Biz=(¥ BEI=4=A+RIERME, AJ18 Stokes's theorem
o RMEEFRNEME, ZE(HZE] divergence theorem

o SERNARZEZAENERDE, HIITEEZHAR

F(z,y) = M(z,y)i + N(z,y)j

o BANRHHLHINIFBEIE 7(t) = 2(t)i + y(t)]
(BERANTELFRDHIRHRIEAWEBNIR [ F - Tds, EWEXER(IERA s 15
HERERBEOAM, FEHXEER 7(s) = 2(s)i + y(5)]
BPAZA B AR ERRTA 7(s) = /(s)i + ¥/ (5)]
EaEfEAAERN5EA 0, ELEATTLIZERESN
N(s) = y’(sﬁ — m’(s)}
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N RE NS

/C M(z, y)dz + / Nz, y)dy = / /R V x F(z,y)dA

RN EWT
[ s [ (22

/ﬁ-ﬁds:// divFdA
c R
Bizy BRI 3 f=EE RN AR divergence theorem

HERSEHRT

. SHHEITSIERR A
. TESHIEES
o THEFET, SEEEN Ft) = (1) +y()]
o SHFETR, SHEEN Ft) = (1) + y(6)] + 20k
o HENES: HIE o,y 2 M NS ANMTERRET ¢ BORE
. SHHEEN

BRI EEHE

o X
o SHEENRNEES u,v (EXHAEFERXE D ) , HENSH5E
A
z = z(u,v)
y = y(u,v)
z = z(u,v)

- BHUIIE
(u,v) = 2(u, v)i + y(u, v)j + 2(u, v)k

o MTAEWNEE?
- MRIAG 1 AEEINE, BBARESAPN—KIL, MRLE k DE,
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KT = 0y A—FmE;
o WIRE 3NEZENE, HETHPN—N=EKER, GEI— MR
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XEFHFPH— N SHT5 =R
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o B—ES#UIERHE
o R 2z BXRTF = Fl y BIREL, BAZEFHSR (z,y, f(z,y) FTLAARE
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o SEEERFZIVEIZ
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7(u,v) = z(u, v)z + y(u,v)7 + 2(u,v)k

Hep u f1 v 2IZMENFENIRHTE, Tz, y il EXTFXRINEEMRE
o SEHEYTIRE
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o RIMEBRE F(z,y), HH « fy #BEXT « 1 v BIREL
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o WFHE—RASEAREKR
. BEBERAIrHATIREAT, KETHEE
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o SEHEAYYIFE
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o SHHERIERERR
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o f, FRALENMEEN f. A LNREEKRT —NER, RAOREREAIIRIE,
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o BBAIZRERINERIIA/NA
dS =/ f2 + f2 + ldydzx

. SEEENERIHE
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o SHHERIERGITERR
o RIERIEIDT, WMRYFE LR MIRER 7, F0 7,
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Heh dS SR EAIRI—TKkE8 dS
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- BfpEREHATHE S NER. NRWHE S P8 M ELRNREERALEA
mE n B9iE, BBAZHERUERR. —FHEmiYG REEMNRERIMERIER
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https://www.khanacademy.org/math/multivariable-calculus/greens-theorem-and-stokes-theorem/divergence-theorem-proof/v/divergence-theorem-proof-part-1
https://www.khanacademy.org/math/multivariable-calculus/greens-theorem-and-stokes-theorem/divergence-theorem-proof/v/divergence-theorem-proof-part-1
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